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SYNOPSIS 


Perfect Graphs are an active area of current research for their 
potential applications to many real-life problems and for their nice 
combinatorial structures as well. Serge’s Strong Perfect Graph Conjecture 
(SPGC) ( Seed, 3]) is resF>onsible to a great extent for the theoretical 
developments of perfect graphs. The algorithmic aspects of perfect graphs 
was intensified by a fvindamental result due to Grotschel et al [4], who 
showed that the four classical graph optimization problems, i.e. the 
problem of finding (1) the chromatic number, (il) the clique number (lil) 
the clique covering number, and (iv) the independence nximber, admit 
polynomial solutions in perfect graphs, even though they are NP-Complete 
for general graphs [2] . 

Though a lot of work has been done in perfect graphs and its various 
subclasses, fundamental problems such as the SPGC, the recognition status 
of perfect graphs, and fast algorithms to solve the four classical graph 
optimization problems in p>erfect graphs are yet to be solved. 

Thus a deep understanding of perfect graphs in structural as well as 
algorithmic view point is needed. 

In this thesis we study some structural and algorithmic aspects of 
certain subclasses of perfect graphs. In chapter 1, we present some 
definitions. Introduce perfect graphs and its various subclasses, and give 
a brief Introduction to the organization of the thesis. 

It is well known that a family S admits forbidden subgraph 
characterization iff it is closed \mder vertex induced subgraphs. Finding 
out minimal forbidden subgraphs for a class closed \inder vertex induced 



subgraphs, Is a classical problem in graph theory. Unfortunately, very 
little is known about this problem. Many families of graphs including 
perfect graphs and Its various subclasses are closed under vertex Induced 
subgraphs. But the problem of finding out the minimal forbidden subgraphs 
is open for many classes of graphs. In fact the SPGC can be restated as " 
The odd holes eind the odd antiholes are the only forbidden subgraphs for 
perfect graphs". 

In chapter 2, we propose a unified approach to solve the problem of 
finding minimal forbidden subgraphs for certain subclasses of perfect 
graphs which are closed under vertex induced subgraphs. Using this approach 
we obtain the following results. 

(i) All the forbidden subgraphs for DV graphs; (ii) All the forbidden 
subgraphs for UV-graphs except certain "bad minimal forbidden subgraphs"; 
(iii)Forbidden subgraph characterization for k-trees which are also UV 
graphs, and (iv) Forbidden subgraphs for those split graphs ‘ which are 
also path graphs. 

We present new characterizations of interval graphs and proper 
interval graphs following the framework of Monma and Wei [7], and show that 
the forbidden subgraphs of these classes, which are already known, can be 
obtained using our approach. We characterize planar chordal graphs in terms 
of separated graphs (see [7]), and obtain the forbidden subgraphs for these 
graphs. We show that the separator Theorem for RDV graphs obtained by Monma 
and Wei [7] has a flaw. We modify this and make some contribution towards 
finding the forbidden subgraphs for RDV graphs. 

In chapter 3, we study intersection graphs of edge disjoint paths in a 
tree l.e. (^-graphs and intersection graphs of vertex disjoint paths in a 
tree l.e. PV-graphs. We first present several characterizations of 
CV-graphs including the forbidden subgraph characterization. We also 



present a linear time sequential and an NC parallel algorithm for 
recognizing CV-graphs and for constructing a CV-clique tree for a CV-graph. 

We show that the characterization of PV-graphs due to Sarny et al [9] 
is not correct. We then characterize PV-graphs following the framework of 
Monma and Wei [7]. The forbidden subgraphs of PV-graphs are obtained 
following the framework presented in chapter 2. We also present a 
polynomial algorithm for recognizing PV-graphs and for constructing a 
PV-clique tree for a PV-graph. 

A family of graphs is said to be complete for a conjecture if the 
truth of the conjecture on this restricted family Implies that the 
conjecture is true in general. A family of graphs is said to be valid for a 
conjecture if the conjecture is true for this restricted class of graphs. 

Identifying valid classes and complete classes for SPGC is an active 
area of research. In chapter 4, we study SI^. We show that the family S of 
regular graphs having a transposition in their automorphism groups is a 
complete family for SPGC. We next show that certain proper subclasses of S 
are also complete for SPGC. A proper subclass of S is shown to be valid for 
SPGC. We conclude this chapter by disproving two conjectures of Holton[5] 
on stable graphs; graphs whose automorphism groups necessarily contain a 
transposition. 

In chapter 5, we study perfect elimination orderings (PEOs) of chordal 
graphs( see [3]). PEO plays an important role in designing efficient 
algorithms in chordal graphs Including the chordal graph recognition. We 
propose three algorithms, namely local maximum cardinality search (LMCS), 
maximum cardinality breadth first search (MCBFS), and maximum cardinality 
depth first search ( MCDFS), MCBFS and MSDFS are natural applications of BFS 
and DFS, respectively, and they run in linear time. LMCS is a 
generalization of MCBFS, MCDFS, and maximum cardinality search (MCS) of 
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Tarjan et al 1 10]. We show that none of the above four algorithms or the 

Lexicographic breadth first search (LEX-BFS) due to Rose et al [8] can 

generate any arbitrary PEO of an arbitrary chordal graph. We then compare 

these algorithms as far as generating any arbitrary PEO is concerned. Many 

graph problems including the four classical optimization problems that are 

hard for general graphs, can be solved in polynomial time in chordal 

graphs. However, testing Hamiltonlclty, determining the domination number, 

etc. are NP-complete even for chordal graphs. We study the Hamiltonian 

problem in chordal graphs through Hamiltoniein elimination ordering (HEO) 

(see I6]). We characterize H-Perfect Hamiltonian chordal graphs, i.e. 

Hamiltonian chordal graphs which have HEOs, and present a linear time 

algorithm for finding a Hsimiltonian cycle of aji H-Perfect chordal graph 

2 

given an HEO in the input. We then propose an 0(n m) algorithm for 
recognizing and for constructing an HEO of H-Perfect chordal graphs. We 
characterize H-Perfect k-trees. We finally present linear time algorithms 
to construct HEOs of H-Perfect k-trees aind of proper interval graphs, and 
thus linear time algorithms for finding Hamiltonian cycles in H-Perfect 
k-trees and proper interval graphs. 

Some open problems and conjectures old and new relating to the topics 
discussed in the thesis are mentioned at appropriate places. 
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CHAPTER - 1 
INTRODUCTION 


1.1 Introduction: 

Many real-life problems can be modeled using Graph Theory. So there is 
a lot of Interest in algorithmic Graph theory and thus in structural graph 
theory as behind many efficient algorithms there lie good structural 
characterizations. Unfortunately, many important computational graph 
theoretic problems are NP-Hard for general graphs [47]. However, graphs that 
arise in practice are not always arbitrary; they possess certain 
structures. For example, the class of perfect graphs that arises in many 
applications [11,26,39,57,58,110,134,136] admits polynomial solutions for 
several problems having practical significance. The concept of perfect 
graph, introduced by C.Berge in 1960 [5-7], has turned out to be one of 
the most rewarding in Graph Theory. The Strong Perfect Graph Conjecture 
(SPGC) (which will be stated in section 1.3), posed by C.Berge in early 
1960s [6,7,11], is responsible to a great extent for the theoretical 
developments of Perfect graphs. Theorems on perfect graphs often generalize 
other important results in various fields of graph theory. Perfect graphs 
have also contributed to many problems including the theory of antiblocking 
polyhedra[44,45] , the study of facial structure of polytopes (see [88]), 
and the theory of Integer linear programming (see[ll,88] ). Grotschel et al 
[63,64] have shown that the four classical optimization problems, namely 
finding (1) clique nvimber, (2) chromatic number, (3) Independence number, 
and (4) clique covering number, can be solved in i>olynomial time for 
p>erfect graphs. This fundamental result has intensified the algorithmic 
interest in perfect graphs. In several special classes of perfect graphs 
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many optimization problems are solvable by fast algorithms which display 
impor taint ideas of combinatorial algorithms (such as depth first search and 
greedy algorithm) . 

Perfect graphs aiKl its subclasses are aui active area of current 
research for their potential applications to different areas. Though a lot 
of work has been done in perfect graphs amd its various subclasses, 
fundamental problems such as the SPGC, the recognition status of perfect 
graphs, auid fast Combinatorial algorithms to solve the four classical 
graph optimization problems remain to be solved. 

Thus a deep understanding of perfect graphs in structural as well as 
algorithmic view point is needed. 

In this thesis we study some structural auid algorithmic aspects of 
perfect graphs and certain subclasses of perfect graphs. 

In section 2, we introduce basic definitions and notations which will 
be used in this thesis. In section 3, we introduce perfect graphs, the 
SPGC, and some of the approaches to settle SPGC. In section 4, certain 
subclasses of jserfect graphs, relevant to this thesis, are introduced. 

We conclude this chapter with a brief overview of the organization of 
this thesis. 

1.2 Definitions And Notations: 

In this thesis we assign the number i.J to the Jth section of the 1th 
chapter auid the number i.j.k to the kth result of the jth section of the 
1th chapter. Throughout this thesis, we use “iff" for if and only if, 

"wig" for without loss of generality, "w.r.t." for with respect to, "s.t." 
for such that, "s" for belongs to, and "d " for does not belong to. 

We always assume our graph G=(V,E) to be finite, undirected, simple, 
amd connected unless otherwise mentioned. Our concepts and notations on 
graphs conform to those of Harary[67], Bondy and Murthy[16], and Berge[10]. 
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Let G[S], S £ V, denote the Induced subgraph on S. A set C £ V is said 
to be a clique If G[C] is a complete subgraph of G. A clique of G that Is 
not properly contained In any other clique of G Is called a naiximal clique 
of G. Let C(G) denote the set of maximal cliques of G, and v € V(G), 
denote the set of maximal cliques of G containing v. The clique number w(G) 
of a graph is the size of a maximum clique in G. A set S Is an independent 
set If G[S] is a null graph. The Independence number a(G) of G Is the size 
of a maximum independent set of G. A proper coloring of G Is to assign 
color to the vertices of G s.t. no two adjacent vertices receive the same 
color. The minimum number of colors needed for a proper coloring of G is 
called the chromatic number of G and is denoted by x:CG). A clique cover for 
G is a set of cliques of G whose union is V. The clique covering number 
6(G) of G is the size of a minimum clique cover of G. The problem of 
finding (1) uCG), (11) a(G), (ill) 6(G), and (iv) x(G) are loiown as the 
four classical graph optimization problems. We call , k>l, an odd hole 
and its complement k>l an odd antihole. 

Let ^ graphs. A bijection ^ from Vj 
to is said to be an isomorphism from Gj to Gg if xy € iff ^(x)^(y) € 
£ 2 - An isomorphism for G onto G itself is called an automorphism. ^(G)={^ 
s.t. ^ is an automorphism of G} is the automorphism group of G. A 
permutation on a set that interchanges two elements and fixes the remaining 
elements is called a transposition. We denote a transposition that 
interchanges x and y by ^=(x y). denotes the symmetric group on n 
symbols. Let Sp(q) denote the permutation group isomorphic to but q fold 
in nature. For group theoretic concepts we refer to Weilend[140] and 
Harary[67l . 

Let Gg, S £ V, denote G-S. Let r(G)g denote the subgroup of r(G) which 
fixes S. An ordering a=(v. ,v-, . . . ,v ) of V is said to be a stabilizing 

X b H 
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sequence of G if r(G„ )* r(G)_ , Isjsn, where »v_ v,}. A stable 

bj bj J 1 Z J 

graph is a graph with a stabilizing sequence. The concept of stability was 

introduced and extensively studied by Holton[69-72] . 

For definitions and concepts regarding sequential algorithm used in 
this thesis, we refer to Golumbic[57] , Aho et al[l], Horowitz et al[73l, 
Knuth[82], and Garey and Johnson[47]. For basic graph algorithms we refer 
to Even[38], Gibbons[54], C3iristof ides[23] , Mchugh[90], Golufflbic[57] , Deo 
[33], and Aho et al[2l. For the notion of NP-completeness we refer to Garey 
and Johnson [47], and Golumbic[57] . 

In this thesis we propose some parallel algorithms as well. Our formal 
model of parallel computation is the Parallel random access machine (PRAM), 
proposed by Fortune and wyllie[42]. In this shared memory(SM) model, in a 
unit of time each processors can read a iinit of data, write it, or perform 
an elementary arithmetic or logical operation on it. The number of^bits in 
each data element is bounded by a logarithmic function of the number of 
processors. 

Several different types of PRAMS arise which differ in how 
simultaneous read and write access to the same location by different 
processors are resolved. The exclusive-read exclusive-write(EREW) PRAM 
forbids simultaneous reading from or writing to the same location. The 
concurrent-read exclusive-wrlte(CREU) PRAM model allows two processors to 
read from the same location, but not to write it. In the strongest model, 
the concurrent-read concurrent-write(CRCW) PRAM model, two processors may 
simultemeously read from or write to the same location. There are several 
different ways of resolving the case when two processors try to write 
different values to the saune location. In the 'arbitrary' OICW model write 
conflicts to a location are resolved by choosing one of the values written 
to the location, the choice of which is arbitrary. In this thesis by CSlOi/ 
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PRAM model we mean the ’arbitrary’ CRCW PRAM model unless stated otherwise. 

A problem Is said to be In the complexity class NC If there Is a PRAM 
algorithm that uses a number of processors polynomial In the size of the 
problem and Its running time Is bounded by a polynomial in the logarithm of 
the problem size. Theoretical computer scientists consider NC to be the 
class of problems with efficient parallel algorithms. Cook[29] gives a 
survey of the complexity class NC. In practice, what is efficient depends 
on the actual parallel architecture used because PRAMs are only an abstract 
model. Also the class NC only measures those algorithms that are efficient 
in asymptotic sense. 

For other definitions, concepts, and for basic parallel graph 
algorithms we refer to Quinn[105], Akl[3l, Gibbons and Rytter[55], Quinn et 
al[104l, and Moitra et al[931. 

1.3 Perfect Graphs And SPGC: 

For any graph G, 

«(G) s x(G) (1) 

and 

a(G) s e(G) (2). 

These inequalities are dual to one auiother since a(G)^(G) and 
e(G)=x(G). A graph G has the property (PI) if x(G[S] )=((>(G[S] ) for every S S 
V, and has the property (P2) if a(G[S] )*'e(G[S) ) for every S G V. A graph G 
satisfying property (PI) ( property (P2) ) is said to be 
X-perfect(a-perfect) . A graph G is perfect if it is a-p>erfect and 
^-perfect. It is clear by duality that a graph G is a-perfect iff G is 
^-perfect. 

Graphs satisfying a(G)=6(G) played aua important role in Shannon’s 1956 
paper[117]. In that p)aper he remarked that the smallest graph G with a(G) < 
0(G) is Cg. 
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It was shannon’s work which motivated Berge to make a conjecture 
concerning graphs that satisfy inequality (2) with equality sign. This 
conjecture is known as Strong Perfect Graph Conjecture (SPGC) and can be 
stated in many equivalent forms, one of which is the following: 

" A Graph G is a-perfect iff it does not contain odd holes and odd 
antiholes as Induced subgraphs.” 

Thinking that this conjecture might be too difficult Berge made the 
following weak perfect graph conjecture. "A graph G is a-perfect iff it is 
^-perfect." Ueaik perfect graph conjecture (yPGC) was cultivated by 
Fulkerson (143-45]) and finally proved by Lovasz[86]. This result, now 
known as perfect graph theorem, has made the concept of a-perfectness 
and x~perfectness obsolete. Therefore, here after by a perfect graph we 
mean ^“Perfect, and by SPGC we mean the following: “ A graph G is perfect 
iff it contains neither an odd hole nor an odd antiholes as an induced 
subgraph. " 

The SPGC is yet to be settled and challenges both, those who would 
like to see more and more advances in combinatorics and those who prefer 
the ingenious elementary proofs of ’classical’ graph theory. 

A family of graphs is said to be complete for a conjecture if the 
truth of the conjecture on this restricted faunily implies the truth of the 
conjecture in general. A family of graphs is said to be valid for a 
conjecture if the conjecture is true for this restricted class of graphs. 

Identification of valid classes and complete classes for SPGC Is an 
active area of research. Many special classes of graphs such as ^ free 
graphs [98], torodial graphs [62], free graphs [99], planar graphs [135] 

and many others[20, 34, 83, 89, 96, 126,133,137] have been shown to be valid 
classes for SPGC. 

D.G. Cornell [30] is probably the first researcher to identify many 
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classes of graphs to be complete for SPGC. 

A class of graphs is said to be the minimal forbidden subgraphs for 
the class JP iff (i) H e implies H < jP but H[C] e jP for every C c V(H), 
and (ii) G e !f iff G does not contain any induced subgraph isomorphic to a 
member of 9^. A family jP admits forbidden subgraph characterization if 
there exists a class 9^ of minimal forbidden subgraphs for !f. It is well 
known that a family iP admits forbidden subgraph characterization iff it is 
closed \inder vertex Induced subgraphs. But finding out minimal forbidden 
subgraphs for a class closed under vertex induced subgraphs, is a very 
important problem. Unfortunately, there is no unified approach to solve 
this problem. Many families of graphs including perfect graphs and its 
various subclasses are closed under vertex Induced subgraphs. But the 
problem of finding out the minimal forbidden subgraphs is open for many 
classes of graphs. In fact, the SPGC can be restated as " The odd holes and 
the odd antiholes are the only forbidden subgraphs for perfect graphs". So 
SPGC is a conjecture concerning the forbidden subgraphs for perfect graphs. 

Many interesting classes of graphs are shown to be subclasses of 
perfect graphs (see[8, 11,36,57,88] ) . For more about SPGC we refer to 
[9,11,25,57,87,88,91,138]. 

1.4 Subclasses Of Perfect Graphs: 

A graph G=(V,E) is said to be chordal if every cycle in G of length at 
least four has a chord. Chordal graphs are also .known as triangulated 
graphs, rigid circuit graphs, monotone transitive graphs, and perfect 
elimination graphs in the literature. Chordal graphs are extensively 
studied in recent years( see[18,21, 35, 36, 40, 51, 57,58, 108-113, 118, 122, 132]. 
Chordal graphs were first analyzed by Hajnal aufid suranyl[65]. They showed 
that a(G)=0(G) for a chordal graph. Berge[5] proved that xfGl^wCG) for a 
chordal graph G. In view of the perfect graph theorem any one of these 
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results Imply that chordal graphs are perfect, since any induced subgraph 
of a chordal graph is chordal. Chordal graphs have many applications in 
areas such as evolutionary trees[18], archaeology[19] facility 
location[22] , scheduling[97] , and solutions of sparse systems of linear 
equations [112] . 

A subset S c V is a u-v vertex separator for nonadjacent vertices u 
and v if u and v lie in different coimected components of G-S. If no proper 
subset of S is a u-v separator, then S is a minimal u-v sef>arator. A 
minimal vertex separator S of G is a minimal u-v separator for some u and 
V. Chordal graphs can be characterized in terms of minimal u-v separator as 
follows: 

Theorem 1.4.1: [35] G is chordal iff every minimal u-v separator is a 
clique. 

A vertex v of G is a simplicial vertex if G[N(v)] is a clique in G, 
where N(v) denotes the neighbors of v. An ordering «=(Vj, V 2 , • . . ,v^) of V 
is a perfect elimination ordering (PEO) of G if Vj^ is a simplicial vertex 
of G^=G[[Vj^,Vj^j, . . . ,v^}] , isisn. 

Dirac[35] and then Lekkerkerker[84] proved the following result. 
Theorem 1.4.2: ( [35,84] ) A chordal graph G has a simplicial vertex. 
Moreover, if G is non-complete, then G has two nonadjacent simplicial 
vertices. 

Using induction and Theorem 1.4.2, the following characterization of 
chordal graphs caui be obtained. 

Theorem 1.4.3: [46] G is chordal iff G has a PEX). Moreover, any simplicial 
vertex can be the starting vertex of some PEX3 of G. 

The concept of PEO is very important in chordal graphs. It turned out 
that all the existing chordal graph recognition algorithms and many graph 
optimization problems, including the four classical ones, in chordal graphs 
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maike use of the PEO. So PEOs of chordal graphs have been extensively 
studied by researchers and various algorithms have been developed for their 
construction (see[112, 119, 128» 129] ) . There are two linear time algorithms, 
namely Maximum cardinality search (MCS) due to Tarjan et al [129], and 
Lexicographic breadth first search (LEX-BFS), due to Rose et al [114] to 
construct PEOs. LEX-BFS makes use of certain lexicographic orderings and 
turns out to be a breadth first search (BFS). 

Other typ>es of elimination orderings have also been investigated auid 
subclasses of chordal graphs have been characterized in terms of these 
elimination orderings. 

Let a=(v. , v„, . . . ,v ) be any ordering of V. We denote (v ,v v, ) 

1 z n n n-1 i 

by Let N*[Vj^]={Vj s.t. Vj=Vj^ or i<J auid Vj^Vj € E(G) } and N”[Vj^]={Vj 

s.t. Vj=Vj^ or i>J and Vj^Vj e E(G)}, l^i^. 

a is called an Interval elimination ordering (lEO) iff for each i, 

N~[Vj^] is an interval in the ordering a. 

A PEO a is said to be a Strong elimination ordering (SEO) if l<J<k<l, 

and Vj^Vj^, Vj^v^, and VjVj^ « E{G), then VjVj^ € E(G). A graph having am SEO is 

called a strongly chordal graph. A PEO a is called a Bicompatible 

elimination ordering (BCO) iff is also a PEO of G. A PEO 

a-(v. ,v-, . . . , V ) is called an Hamiltonian elimination ordering (HEO) if 
1 ^ n 

Vi,V 2 ,...,Vn is a Hamiltonian cycle of G. A graph having an HEX) is called 
an H-Perfect chordal graph. 

A graph T is called a trampoline if it consists of K ={v. ,v_, . . . , v } 
n nizn 

together with a set of n independent vertices {Uj^,U 2 u^} s.t. for each 

i, is adjacent to only v^ and Vj, where j=i-l(mod n). 

Strongly chordal graphs have been studied extensively by M.Farber[40] 
and several characterizations have been obtained by him. Strongly chordal 
graphs admit the following forbidden subgraph characterization. 
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Theorea 1 . 4 . 4 : [40] G is strongly chordal (equivalently, G has an SEO) iff G 
does not contain any na4 auid any trampoline as induced subgraphs. 

Before presenting characterizations of graphs in terms of BCX) and lEO, 
we introduce some more concepts. 

Let F be a finite family of nonempty sets. An undirected graph G is an 
intersection graph for F if there is a one to one correspondence between 
the vertices of G and the sets in F s.t. two vertices in G are adjacent if 
the two corresponding sets have nonempty intersection. If F is a family of 
intervals in a linearly ordered set (like the real line), then G is called 
an interval graph. If no interval of F properly contains the other 
set-theoretical ly, then G is called a proper interval graph. If each 
interval in F is of unit length, then G is called a unit interval graph. It 
is well known[109] that proper interval graphs are exactly the tinlt 
interval graphs. 

Interval graphs arise in many application areas and have been 
extensively studied by researchers. Interval graphs can be recognized in 
linear time (see[17,79] ). For problems auid applications of Interval graphs 
we refer to [57,58,110]. 

Every maximal clique of an Interval graph G corresponds to a point 
q^ in the real line s.t. q^^ e n{ I^ s.t. x € Qj^}, where I^ is the interval 

that corresponds to the vertex x. Let Qj»Q 2 Qj. ordering of the 

maximal cliques of an interval graph G s.t. the points q^,q 2 ,...>q^ 
corresponding to the cliques is in Increasing order. Then the ordering 
^l’*^’*”’^r following property. If Vj^ e ^^®“ ® 

for every s, jassk. This property of interval graphs turns out to be a 
characterizing property. 

Theorem 1 . 4 . 5 [56] An undirected graph G is an interval graph iff the 
maximal cliques of G can be linearly ordered s.t. for each vertex x of G, 
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the maiximal cliques containing x occur consecutively. 

Interval graphs admit the following forbidden subgraph 
char ac ter 1 za 1 1 on . 

Theorem 1.4.6: [84] A graph G is an interval graph iff it does not contain 
any of the graphs in Figure 1.4.1 as an induced subgraph. 

Proper interval graphs have the following forbidden subgraph 
characterization. 

Theorem 1.4.7: [109] An interval graph G is a proper interval graph iff it 
does not contain ^ as an Induced subgraph. 

Now we state the characterizations of graphs having lEO and BCX), 
respectively. 

Theorem 1.4.8: [76] A graph G has an lEO iff it is an interval graph. 

Theorem 1.4.9: [76] A graph G has a BCD iff it is a proper interval grafdi. 

The k- trees, introduced by Harary and Palmer [68], are an important 
subclass of chordal graphs. They have been characterized by Belneke and 
Pippert[4], and subsequently by Rose[113] in many interesting ways. 
Furthermore, the k-trees have been extensively investigated by 
Proskurowski [101-103] , and Foata[41]. We give below the definitions and 
various characterizations of k-trees. 

A graph G is a k-tree if it can be obtained by the following recursive 
rules. 

(a) Start with any k-clique as the basis graph. A k-clique is a k-tree. 

(b) To any k-tree H add a new vertex and make it adjacent to a k-cllque of 
H, to form a (k+1 )-clique. 

Theorem 1.4.10: The following are equivalent. 

(1) G=(V,E) is a k-tree. 

(2) [113] (a) G is connected, 

(b) G has a k-cllque but no (k+2) -clique, and 
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(c) every minimal vertex separator of G is a k-clique. 

(3) 11131 (a) G is chordal, 

(b) |E|=k|V|-k(k+l)/2, and 

(c) G has a k-clique but no (k+2)-clique. 

(4) [113] (a) G is connected, 

(b) |E|=k |V| -k(k+l)/2, and 

(c) every minimal vertex separator of G is a k-clique. 

Let 3(G) denote the set of blocks, l.e. the biconnected components of 
G. The block graph of G is the intersection graph of where the 

intersection of two blocks means the intersection of their vertex sets. A 
graph G is said to be a block graph if it is isomorphic to the block graph 
of some graph. Harary[66] Introduced the notion of block graphs and- proved, 
among other results, that a graph G is a block graph iff each of its blocks 
is complete. Clearly block graphs are a subclass of chordal graphs. 

Ue next discuss about intersection graphs of subtrees in a tree with 
specified properties. 

Let T be any tree and F be any collection of subtrees of T. Two 
subtrees Tj and in F are said to have nonempty intersection if V(Tj) n 

V(T 2 )^> The intersection graph of subtrees in a tree is called a subtree 
graph. Ualter[139], Gavril[51], and Buneman [18] have shown that the 
subtree graphs are exactly the chordal graphs. In fact, they proved the 
following result. 

Theorem 1 . 4 . 11: [18,51, 139] The following statements are equivalent. 

(1) G is chordal. 

(2) G is the intersection graph of a family of subtrees in a tree. 

(3) There exists a tree T s.t. V(T)=C(G), and F=n[Cy(G)]. v e V(G)} is a 
collection of subtrees in T. 

The pair (T,F) satisfying Theorem 1.4.11(3) is called a clique tree 
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representation for the chordal graph G. This representation has motivated 
the researchers to study other types of intersection graphs. Renz[108] 
introduced path graphs as the intersection graphs of p>aths in a tree. Path 
graphs have been extensively studied by Gavril[53] auid Renz[108]. The 
intersection graph of directed paths in a rooted directed tree, known as 
directed path graph has been introduced and extensively studied by 
Gavril[52]. Later, Monma and Wei [92] introduced a unified framework for the 
study of a variety of intersection graphs that arise in the context of 
paths in trees. Six different classes of intersection graphs can be defined 
in this context as follows. A path is said to be a vertex (edge) path if 
the path is considered to be the set of vertices (edges) making up the 
path. A graph G is an undirected ( directed) vertex path graph or UV(DV) 
graph if it is the intersection graph of a family of undirected (directed) 
vertex paths in an undirected (directed) tree. A DV graph with a rooted 
tree representation is called a rooted directed vertex graph or RDV graph. 
UV graphs are nothing but path graphs introduced by Renz[108], and RDV 
graphs are nothing but directed path graphs. In stead of vertex path if we 
take edge path, we will get three different types of graphs, namely UE, DE, 
eund RDE graphs. The UE graphs have been studied by Golumbic and Jamison 
[60], Lobb [85], Syslo [127], and Tar Jan [130]. For applications of 
Intersection graphs we refer to[58,59,78] . 

Two paths Pj and are said to be vertex disjoint if either V(Pj^) n 
VCP^) = *. or V e V(Pj) n V(P 2 ^ implies v is an end vertex of at least one 
of the paths P^ and P^. The intersection graph of a family of vertex (edge) 
disjoint paths in a tree T is said to be a perfect (compact) vertex graph or 
PV-graph(CV-graph) . Sarny et al[115] introduced the notion of PV-graphs and 
CV-graphs euid characterized these graphs following the framework of Monma 
and Wei [92]. Unfortunately their characterization for PV graphs is not 
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correct ( see chapter 3). 

Though in the definitions of UV,DV, and RDV graphs the trees are 
arbitrary, there exist trees with nice properties, which are given in the 
following Theorem. 

Theorem 1.4.12: (Clique Tree Theorem) [92] (a) A graph G=(V,E) is a UV 
graph iff there exists a tree T with vertex set every v € 
V{G), T[Cy(G)] is a path in T. 

(b) A graph G=(V,E) is a DV graph iff there exists a directed tree T with 
vertex set C^G), s.t. for every v € V(G), T[C^(G)] is a directed path in T. 

(c) A graph G«(V,E) is an RDV graph iff there exists a rooted directed tree 
T with vertex set CtG), s.t. for every v e V(G), TtQ^CG)] is a directed 
path in T. 

A tree satisfying Theorem 1.4.12 is called a clique tree for the graph 
it characterizes. In Figure 1.4.2, we give a chordal graph, a UV graph, a 
DV graph, and an RDV graph with their clique trees. 

Next we present the characterizations of UV, DV, smd RDV graphs due to 
Monma aixl Wei [92], in terms of separated subgraphs. To this end we need to 
Introduce some new concepts. 

If G-C is disconnected for a clique C with components Hj^=(Vj^,Ej^) , 
l:si^r, rm2, then C is said to be a separating clique and G^=G[ (V^uC) ] , 1 
^i£ r, r is said to be a separated graph of G w.r.t. C. A graph with no 
separating clique is called em ’Atom’ . Let C be a separating clique of G. 
Cliques which intersect C but not equal to C are called relevant. In the 
following only relevant cliques are considered. 

Let Cj and C^ be two cliques of G. We say that (1) Cj and are 
vinattached, (Cjj C 2 ) if (C^n C) n (C^ n C) = ^, otherwise they are 
attached, (2) Cj dominates C 2 , (Cj m C 2 ) if C^n C 2 C 2 n C, (3) C^ properly 
dominates C 2 , ( C^> C 2 ) if Cj n C P C 2 n C, (4) Cj and C 2 are congruent. 
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C={1,2,3,4} 

Cj={l,2,7} 

C2=<1,4.6} 

C 3 ={ 1 . 3 . 5 } 


(i) A Chordal Graph and Its clique tree Tj. 



C={1,2,3} 

C Cj={ 2,3,4} 



C2={ 1,2,6} 
C3={1,3,5} 



(iii) A DV graph G^ and its clique tree T^. 



(iii) An RDV graph G^ and its clique tree T^. 


C={1,2,3,4} 

Cj={l,2,6} 

C2={1,3,5} 


Figure 1.4.2: Examples of Intersection Graphs and their Clique Trees 
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(Cj~ C^) if they are attached and (Cj n C) = (Cg n C), and ( 5 ) Cj and C2 
are antipodal, C^) if they are attached and neither dominates the 

other. 

Let Gj and G2 be two separated graphs of G w.r.t. C. We say that ( 1 ) 

Gj and G2 are unattached, (Gj| G2), if C^j C2 for every clique Cj in Gj and 

every clique C2 in G2, ( 2 ) Gj dominates G2, (Gj s G2), if they are 

attached, and for every clique Cj in Gj, either Cj t C2 for all cliques 

C2 in G2, or Cjl C2 for all cliques C2 in G2, ( 3 ) Gj properly dominates G2, 

( Gj > G2), if Gjfc G2 but not G2 is congruent to G2, ( ^ 2 ^’ 

if Gj dominates G2 and G2 dominates G^; in this case Cj~ C2 for every 

Cj in Gj and every C2 in G2, and ( 5 ) Gj amd G2 are antipodal, (G^ G2) 

if they are attached and neither dominates the other. The relation 

’ congruent to’ is an equivalence relation on the set of separated graphs 

u 

of G w.r.t. C(see[ 92 ]). The equivalence classes of under this relation 
are called congruence classes. The above concepts were Introduced by Monma 
and Wei [ 92 ] . 

The following Lemma due to Monma and Wei [ 92 ] will be used in chapters 
2 and 3 . 

Lemma 1 . 4 . 13 : Any collection of pairwise non-antipodal separated graphs 
of a (general) graph can be arranged in such a way that implies i <j. 

For any separated subgraph Gj^, let W( G^) be the set of v e C s.t. 
there is a vertex w e (V(Gj^)-C) for which the edge vw 6 E(Gj^). An 
antipodal pair Gj^ Gj, w.r.t. C is said to be relevant to x if x € W( Gj^) 

n W ( Gj ). Relevant cliques of G^ which contain W(Gj^) are said to be 
principal cliques of Gj^. 

Now we state the characterizations of UV,DV, and RDV graphs due to 
Monma smd Wei [ 92 ], in terms of separated subgraphs. 
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Theorea 1.4.14: [92] ( Separator Theorem) Assiime that C separates Gs(V,E) 
into subgraphs Gj^®G[Vj^uC] , isisr, rfc2. 

(a) G is a UV graph Iff each Gj^ is UV, and the Gj^’s caui be colored s.t. no 
antipodal pairs have the same color, and for each v € C, the set of 
subgraphs neighboring v is 2-colored. 

(b) G is a DV graph iff each G^ is DV, and C^’s can be two colored s.t. no 
antipodal pairs have the same color. 

(c) G is an RDV graph iff each Gj is RDV, and the G^’s can be 2-colored 
s.t. no antipodal pairs have the same color, and that in one color every 
subgraph has an RDV clique tree rooted at C, and that in the other color no 
two subgraphs are unattached and every subgraph ( with one possible 
exception) has an RDV clique tree rooted at a relevant clique. The 
exceptional subgraph, should it exist, is dominated by every other subgraph 
of the same color, and it has an RDV clique tree in which the vertex C has 
out-degree zero. 

1.5 Outline of the Thesis: 

In chapter 2, we propose a unified approach to solve the problem of 
finding minimal forbidden subgraphs for certain subclasses of perfect 
graphs which are closed under vertex Induced subgraphs. We then find the 
forbidden subgraphs for DV graphs. We introduce the notion of "bad 
forbidden subgraph" for UV graphs, and find out all minimal forbidden 
subgraphs for UV graphs except the "bad forbidden subgraphs" . Our strong 
intuitive feeling motivates us to conjecture that there is no bad forbidden 
subgraphs for UV graphs. We then give some evidence to support our 
conjecture. It is shown that the forbidden subgraph characterizations for 
Interval graphs and proper Interval graphs can be obtained using our 
framework. Next we characterize chordal planar graphs using the fraune work 
of Monma and wei[92], and obtain the forbidden subgraphs for this class. A 
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parallel recognition algorithm for chordal planar graphs is presented. We 
also study the forbidden subgraphs of RDV graphs and make some 
contributions towards the forbidden subgraph characterization for RDV 
graphs . 

In chapter 3, we study PV-graphs and CV-graphs. We first present 
several characterizations of CV-graphs including the forbidden subgraph 
characterization. We show that CV graphs are exactly the block graphs. We 
also present a linear time sequential and an NC parallel algorithm for 
recognizing CV-graphs and for constructing a CV-clique tree for a CV-graph. 

We present a counter example to the characterization of PV-graphs due 
to Sarny et al [1151. Then we characterize PV-graphs following the framework 
of Monma and Wei [92]. The forbidden subgraphs of PV-graphs are obtained 
following the framework presented in chapter 2. We conclude this chapter 
with a polynomial algorithm for recognizing PV-graphs and for constructing 
a PV-clique tree for a PV-graph. 

In chapter 4, we study SPGC. We show that the family S of regular 
graphs having no transposition in their automorphism groups is a complete 
family for SPGC. We next show certain proper subclasses of S are also 
complete for SPGC. A proper subclass of S is shown to be valid for SPGC. We 
conclude this chapter by disproving two conjectures of Holton[69l on stable 
graphs . 

In chapter 5, we study PEOs of chordal graphs. As mentioned earlier, 
PEOs are useful in designing efficient algorithms in chordal graphs 
including the chordal graph recognition. We propose three algorithms, 
namely, maximum cardinality breadth first search (MCBFS), maximum 
cardinality depth first search (MCDFS), and local maximum cardinality 
search (LMCS). MCBFS and MCDFS are natural applications of BFS and DFS 
respectively, and they run in linear time. LMCS Is a generalization of 
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MCBFS, MCDFS, and MCS. We then compare these algorithms as far as 
generating any arbitrary PEO is concerned. Many graph problems including 
the four classical optimization problems that are hard for general graphs, 
can be solved in polynomial time in chordal graphs. However, testing 
Hamll tonicity, determining the domination number, and other problems are 
NP-complete even for chordal graphs. We study the Hamiltonian problems in 
chordal graph through HEO. We characterize H-Perfect Hamiltonian chordal 
graphs, , and present a linear time algorithm for finding a Hamiltonian 
cycle of an H-Perfect chordal graph given an HEO in the input. We then 
propose an 0(n m) algorithm for recognizing and for constructing an HEO of 
H-Perfect chordal graphs. We then characterize H-Perfect k-trees. We 
finally present linear time algorithms to construct HEOs of H-Perfect 
k-trees and proper Interval graphs, and thus linear time algorithms for 
finding Hamiltonian cycles in H-Perfect k-trees and proper interval graphs. 
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CHAPTER 2 

ON FORBIDDEN SUBGRAPHS OF CERTAIN SUBCLASSES 
OF PERFECT GRAPHS 


2.1 Introduction: 

Since the class of perfect graphs is closed tinder vertex Induced 
subgraphs, it admits forbidden subgraph characterization. In fact, Berge’s 
conjecture says that odd holes and odd antiholes are the only forbidden 
subgraphs for perfect graphs, which is yet to be settled. Also for many 
other classes of graphs including UV,DV and RDV graphs, the problem of 
finding out forbidden subgraphs is open. Though for some classes of graphs, 
like bipartite graphs, split graphs. Interval graphs, etc. forbidden 
subgraphs are known, the methods used to obtain them are ad hoc. Since many 
classes of graphs admit forbidden subgraph characterization, it is of 
significsint interest to look for a general approach for tackling this 
problem. 

In this chapter we suggest a unified approach for finding out the 
forbidden subgraphs for UV, DV, Interval, proper interval, and chordal 
planar graphs. The problem of finding the forbidden subgraphs for UV and DV 
graphs were open where as that for interval graphs and proper interval 
graphs are known( see [84,109]). 

2.2 Preliminaries: 

Let be the class of DV graphs, be the class of UV graphs, be 
the class of interval graphs, be the class of proper interval graphs, Isg 
be the class of chordal planar graphs, emd ts, be the class of RDV graphs. 

O 
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Note that 1^156, is a subclass of chordal graphs. Let ^ = {y s.t. y is 
closed \inder vertex induced subgraphs). A nontrivial forbidden subgraph for 
a class y is a forbidden subgraph with a separating clique. 

Next we suggest a unified approach for finding out the nontrivial 
forbidden subgraphs for an arbitrary class y where y € W. 

Let y* >b{g e y s.t. G has a separating clique). First characterize G e 
y in terms of separated graphs. This characterization is called the 
’separator theorem’ for the class y*. Let H be a nontrivial forbidden 
subgraph for y. Then H has a separating clique. Now each separated graphs 
of H w.r.t. any separating clique belongs to y. So the separated graphs of 
H w.r.t. any separating clique will violate some condition of the 
’separator theorem’ for the class y. Then using this characterize H. 

Unfortunately, this approach does not help us in obtaining the 
forbidden subgraphs for perfect graphs, since every forbidden subgraph for 
a perfect graph is trivial. 

Since C^, nm4 is the only trivial forbidden subgraph for it is 
enough to find nontrivial forbidden subgraphs for l^i^S. To obtain 
them, we first need the ’separator Theorem’ for lsia6. Since the 
separator theorems for ^6 there (Theorem 1.4.14), we will 
obtain the ’separator Theorem for auid 

Let G be a chordal graph, and G^, isisr, n^Z be the separated graphs 
of G w.r.t. some separating clique C of G. Then we have: 

Proposition 2.2.1: Every separated graph G^^ of a chordal graph G has a 
principal clique. 

Proof: We induct on k, where k = | V(Gj)-C|. If k=l, then clearly (W(Gj^) u 
( V(G^)-C)) is a principal clique of G. Assume that k > 1. Clearly G^^ is a 
non-complete chordal graph. So by Theorem 1.4.2, G^ has two non-adjacent 
simplicial vertices. Let w be a simplicial vertex of Gj^ s.t. w S C. Then 
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Gj-w is again a separated subgraph of G w.r.t. C. So by Induction 
hypothesis Gj^-w has a principal clique, say C'. If {w} u is a clique of 

Gj^ then take <w}, otherwise take Cj^= C'. Then Cj^ is a principal 

clique of Gj^. Hence the proposition is proved by induction. | 


2.3 Forbidden Subgraphs for DV Graphs: 

Let l^isr, r^Z be the separated graphs of a chordal graph H w.r.t. 
a separating clique C of H. Define the graph 4(H,C) as follows. V(jtf)® {Hj^ 
s.t. is a separated graph of H w.r.t. C} and £(.d )® s.t. Hj>. 

A separated graph of G G^ is said to be a strong separated graph if 

there exists an induced odd cycle a = G^, G^.-.Gj^ ^2k+l’ ^ 

4tf(G,C) s.t. Gj^ dominates Gj for all J except j=i-l and J=i+1 . (operations on 
the indices are under modulo (Zk+D). 

Lemna 2.3.1: Let a ® G^, G 2 ,..., ^2k+l' ^ ^ ^ ^ Induced odd cycle of 

j<(G,C), where G is a chordal graph (not necessarily a critical DV graph!. 
Then the following conditions hold. 

(i) If Gj dominates some Gj, then Gj^ is a strong separated graph. 

(il) There exist at most two strong separated graphs. Moreover, if there 
are exactly two, then they appear consecutively in a. 

Proof: (i) Wig, 1=1. Now G. ^ G,. We claim that G, G , 3sms 2k. Suppose 

1 J 1 m 

Gj^ does not dominate some G^. Wig, 3 s r s j-1. Let r^, 3srjSj-l be the 
largest index s.t. G, does not dominate G . Since G .,«=^ G and G. 

1 rj rj+1 rj 1 

dominates G , . , G. is attached to G . If G dominates G. , then G also 

1 ^ ""l 

dominates G as G. dominates G and the relation "domination" is a 

r^+l’ 1 r^+l’ 

transitive relation on the set of separated graphs. Since G^ +l ^ ‘ ^1 

*=^ G , because by assumption, G. does not dominate G . Hence a is not a 
rj 1 rj 

chordless cycle, which is a contradiction. So lemma 2.3. 1(1) holds. 
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(il) If possible let there be three strong separated graphs, say G. , G, , 

1 ^2 

G, . Since k>l, wig we assume that G, Is not antipodal to G. . So G, 

3 ^1 ^2 ^1 

G. and G. and G. do not occur consecutively on a. Then the separated 
2 ^1 ^2 

graphs G. , G. G, . form a cycle. This contradicts the fact that a 

1 1 

Is a chordless cycle. So there are at most two strong separated graphs. 
Again if two such separated graphs exist, then they must occur 
consecutively on a; otherwise, using the similar analysis It can be shown 
that a Is not a chordless odd cycle. | 

Let G e 7^ . Then G has at least three cliques. If G Is not chordal. 


then it must be Isomorphic to C^, n fc 4. Let G be chordal. So G has a 
separating clique as it has more than two cliques. Let C be a separating 
clique of G and let G^ , l^lsr, rm2be the separated graphs. 

The following lemma gives the structure of 44(G,C). 

Lemma 2.3.2: 4l(G,C) is Isomorphic to (^2k-<-l some k a 1. 

proof: Since G e , each G, Is a DV graph. So by Theorem 1.4.14, GJs 

to ^ 1 1 


cannot be 2-colored in such a way that antipodal pairs receive different 
colors. So 4(G, C) Is not bipartite and hence contains an odd cycle. Since 
a graph containing an odd cycle also contains an induced odd cycle, 4(G,C) 
contains an Induced odd cycle, say for some k. Since G € , A(G,C) 


is isomorphic to 

We have seen that the concept of antlpodallty of separated graphs 
plays an Important role in the structure of 4(G,C) for G € 7^ . The 


following result due to Monma and Wei [92] characterize the antlpodallty 
of two separated graphs of an arbitrary graph. 

Lemma 2.3.3 [92]: Two separated subgraphs G^ and G^ are antipodal iff 
(1) C^. or 
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(2) Cj> C^, C' < C^. or 

(3) Cj> C 2 , C' fc C^, C'l ( or, > C^, fc q, I q ). or 

(4) Cj~ C^. Cjl ~ C' , I C" 

for some cliques Cj, C' , CJ in and Cg. in G^. (These cliques 

need not all be different. ) 

However, in the following lemma we show that conditions (1) and (2) 
are necessary and sufficient for the antipodality of two separated 
subgraphs of a chordal graph. 

Lemma 2.3.4: Two separated graphs and G^ of a chordal graph G are 
antipodal iff (1) C 2 , or (2) Cj> . Cj < C 2 , for some cliques Cj, 

C' in G^ and C 2 > in G 2 . ( Condition (2) is obtained from condition (2) of 
Lemma 2.3.3 by interchanging C 2 and C^). 

Proof: Since it is easy to see that either of the conditions (1) and (2) 
Implies G 2 , we prove the necessity only. 

Assiime G^4 b» G 2 , and condition (1) is not satisfied. So no clique of G^ 
is antipodal to any clique of G 2 . Let be a principal clique of G^, 
lsis2. 

Case 1: W(Gj) = W(G 2 ). 

Then each of G^ and G 2 has at least two relevant cliques. Again G^, 
has a relevant nonprincipal clique, say, C', lsis2; otherwise, one 
separated graph dominates the other. Now C^, C 2 > and satisfy the 

condition (2). 

Case 2: W(G^) ^ W(G 2 ). 

Wig, let U(G^) c U(G 2 ). Since condition (1) is not satisfied, and G 2 
does not dominate G^, there exists a clique in G 2 s.t. is attached to 
Cj and W(Gj-(C^n C)»t 0. Since is not antipodal to C^, n C c W(Gj). So 
Cj, Cj, C 2 . and satisfy the condition (2).| 
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Since the antipodality of separated graphs plays an Important role In 
the structure of critical DV graphs, we first characterize the antipodality 
in terms of forbidden subgraphs. 

Lenma 2 . 3 . 5 : Let G be a chordal graph having aui antip>odal pair w.r.t. some 
separating clique. Then G contains a subgraph isomorphic to one of the 
graphs in Figure 2 . 3 . 1 . 

Proof: Let C be a separating clique of G and (G^, G2) be an antipodal pair 
w.r.t. C. 

Case 1 : There exists in Gj^, i=l ,2 s.t. C2. 

Then clearly |C| fe 3 . Let { x,y,z} £ C be s.t. x e C^n C^, y 
e(CjAC)-C2, and z € (C2 aC)-Cj. Let e Cj,-C, i=l, 2 . Then Gt{x,y,z,Xj,X2U 
is isomorphic to H'. 

Case 2 : No clique of G^ is antipodal to any clique of G2. 

Subcase 2 (a) W(G^) « W(G2). 

Then there exist Cj and C' in Gj, C2 and in G2(all distinct) s.t., 
Cj> C2 and C2 >Cj. Let T^ be a clique tree for G^, i=l, 2 . Let 
P=C,C*(i),C2(i), . . . ,C*(i),C' be the path from C to C' in T^. Wig, Cj(i) is 
a principal clique of G^^, for lajsr. Let G'=G[{CuC^{i)vjCj^}] . Then clearly 
Gj ^ G^. So if G2, and W(Gj)=W(G2), then we may assume that each of 

G^ and G2 has exactly two relevant cliques. 

Subcase 2 (a. 1 ): (C^ n C n 

Let x € C2 n C', y e C' n C, x^ € (Cjr>cp-C, y^ e(C2nC2^-C, X2 € 
y2 € C^-Cj, and zeC-W(Gj). Then G[{x,y,z,Xj,X2,yj,y2n is isomorphic to H^. 
Subcase 2 (a. 2 ): C n ^ 

Let X e A C n C'. ye W(Gj)-C', z e C-W(Gj), x^ eCC^nCp-C, X2 e 
C'-Cj, yj e (C2nC^)-C, and y2 € C^- C2. Then G[{x,y,z,Xj^,X2,yj,y2>l will be 


isomorphic to 
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Subcase 2(b): W(G^) is a proper subset of 

Let be a principal clique of Gj^, i=l,2. Now by Lenuna 2.3.4, there 

exists s.t. Since is chordal, G^ has a cllcjue tree 1^. Let 

Q=C,C_,C_ C ,C , where C ^.=C' be the path from C to Ci in T-. 

Z J n n+1 n+l 2 2 2 

Clearly, Cj^^j n C c Cj^nC, l^isn. Wig, assume that 2£i^n. Clearly, 

|C|a4. let G's=G[(C,C 2 ^n+1^^" ® chordal graph. So, by 

Theorem 1.4.2, G' contains at least two slmplicial vertices. Since C and 

C^^j are the only end vertices of the clique tree Q of G' , there exist 

slmplicial vertices 2 and Vj s.t. z e and Vj e C. Let {x,y} £ W(Gj) n 

WCGg) s.t. xz € E(G) but yz d E(G). Let € W(G 2 )-W(Gj). Let x^e C^-C.Let 

P= 2 ,v ,v v_ be a shortest z-v„ path in G--(C-v_). If P is of length 

n n-l 2 2 2 2 

one, then G[{x,y,Xj,Vj,V 2 ,V 2 ,z}] is isomorphic to Hg, where € 

{C^nC^^j)-C. Next assume that P is of length at least two. Then 

G[{Vj, V 2 , . . . ,v^,x,y,Xj^,z}] is isomorphic H^. I 

Now jJ(G,C), G € , is isomorphic to an Induced odd cycle 

Next we classify the odd cycle of 4(G,C) into three types and tackle each 
type separately. To this end the indices are under modulo 2k+l. 

Let a = Gj, G 2 , . . . , t'2k+l’ ^ ^ induced odd cycle of ii(G,C). 

a is said to be of 1st type if there exists i s.t.W(Gj^)= W(Gj^^j). a is said 
to be of 2nd type if (1) it is not of 1st type and (2) there exists i s.t. 
either W(Gj^j) or is properly contained in W(Gj^). If a is neither, 

it is of 3rd type. 

A separating clique C of G is said to be strong if G has maximum 

number of separated graphs w.r.t. C. 

We next define some graphs which will appear in the list of forbidden 

subgraphs for DV graphs. We define Ajj(k>l), Aj 2 {)^>l). Aj 2 (k>l),* and 

A, .(k>l) as follows: 

14 
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V(Ajj(k>l))» '^2k+l’“l’'^2 '^2k+l’^l^’ 

{Vj.Vg ''zk+l^ ^ *"2k+l’ “i Jollied to Vj_j and Vj^, 2sis2k+l, is 

Joined to each of Vi»V 2 > • • • .V 2 jjfXj, and Xj is joined to Uj and v^. 

Aj 2 (k>l) is the trampoline T 2 j^^j.(For definition of trampoline see 
Chapter 1) 

V(Aj3(k>l))= '^2k+l’“l’“2 “2k+l^’ 

^'^1*^2’ ■ ‘ ■ ’'^2k+l^ ^ *^2k+l’ ^i Joined to Vj^ and 2sis2k+l, and 

is Joined to each of ^2k’ 

V (k^l ) )"■ * ^2* * “ * ' • ^2k* ^ » • • • • ^2k+l ^ * k^l s • t • 

{Vj,V 2 '^2k^ * *^2k’ '^i Joined to Vj^_j and Vj^, 2£i^2k, is Joined 

to each of and U 2 j^^j is Joined to each of Vj,V 2 ''2k-l' 

The graphs Ajj(2), Aj2(2), Aj3(2), and Aj^(2) are given in Figure 
2.3.2. 

Theorem 2.3.6: G e iff G is isomorphic to either one of the graphs in 

Figure 2.3.3 or one of the graphs Ajj(k>l) to Aj^(k>l). 

Proof: Sufficiency: 

It is easy to check that each of the graphs in Figure 2.3.3 and each 
of the graphs Ajj(k>l) to Aj^(k>l) is a critical DV graph. 

Necessity: 

If G is not chordal, then it must be isomorphic to C^, nfc4, which is 

Ajg of Figure 2.3.3. Let C be a strong separating clique of G. Since G € 

SPfs , by Lemma 2.3.2, j^(G,C) is isomorphic to an induced odd cycle a = G, , 
t?! 1 

®2’***' ^2k+r 

Case 1: k=l. 

Subcase 1(a): a is of 1st type. 

Wig, W(Gj)®W(G 2 ). Let Cj^ be a principal clique of Gj^, lsis3. So there 
exists a relevant nonprincipal clique Cj^ in G^, i®l,2. If VKG^) S \I(G^), 
then take C"=C 2 , and if W(G 2 ) S WCG^), then take C"=C 3 . So if W(G 2 ) and 
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Figure 2.3.2: Illustration of Some Critical OV-Graphs. 
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W(G^) are comparable, then MG,C' ) has at least four points, and hence the 
choice of C is contradicted. So <=♦ €2’ Again we have seen in the proof 
of Lemma 2 . 3.5 subcase 2 (a) that each of and G2 has exactly two relevant 
cliques. Let e C'-C^, X2 € (C' nCj)-C, € C^“C2* >^2 ® ^ ^ 2 ^"^’ ^1 

€ C3-C, Z2 € W(G3)-W(G2). 

Before proceeding further we prove the following claim. 

Claim: C' is not antipodal to C^. 

Proof of the Claim: 

If possible, C'<=> C^. If C3>C' and C3>C', then let Z3 € W(G2)-W(G3), 
and z^ € isomorphic to Aj. 

But A^ is a proper Induced subgraph of G and is a critical DV graph. So we 
get a contradiction. 

If C3IC', i=l, 2 , then let Z3 e W(G2)nW(G3) .and z^ e (C^nC^nC). Then 
G[{Xj,X2,yj,y2»Zj.Z2’^3’^4^^ isomorphic to 43. Since A2 is a proper 
induced subgraph of G and is a critical DV graph, we get a contradiction. 

So either C' is attached to C3 or is attached to C3. Wig, Cj is 

attached to C3. Let G'=G-{ (C2 aC 2)-C) . Then a'=G',G2,G3 is an odd cycle of 
< 4 (G',Cj), where G^, G^, and G3 are the separated graphs of G' w.r.t. 
containing *^3’ respectively. So G' is not a DV graph. This 

contradicts the fact that G is a critical DV graph and proves our claim. 

Suppose (C'nC2AC3)^^. Now W(G2)-( (C'vX:^)^^) * 4 >, as C' is not antipodal 
to C^. Wig, C'fcC^, and |C'AC^j=l. If W{G2)-( (C' vX:^)nC) c W(G3), then there 
exists x' e ((CjUC^)/^) s.t. x' G's=G-x'. Then 4 iG* ,€2) has an 

odd cycle a'sC^.G^.G^, where G' is the separated graph of G' containing 
Gj^-W(Gj^), lsis 3 . So G is not a critical DV graph, which is a contradiction. 
So W(G2 )-((C'vX:^)aC) is not a subset of W(G3). Let x" e (C'aC^aC), and Z3 € 
(W(G2 )-((C'uC2)aC 3))-W(G3). Then G[{Xj,X2,yj,y2.Zj,22,Z3,x"H is isomorphic 
to Aj. 
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Next assume that (C'nC^nCg)^^. If (C'nC^)?^^, then let eWtG^InWCGg) , 
and z^ e isomorphic to k^. 
Assume that If C' (C^ and C^IC^, then let z^ € C'nC, z^ € C^nC, and 
Zg e W(G 2 )aW(G 2 ). Then G[{x^,x^,y^,y 2 ,z^,z^,z^,z^,z^}] is isomorphic to A^. 
Next wig, assume that is attached to C^. Let z^ € C^nC^, and z^ 6 C^ryC. 
Let G'=G[{Xj,X2,yj,y2.2j.22*^3'^4^^ • ^4 * ^ 3 * isomorphic to 
A 2 . If z^ 6 Cg, then let Zg € W(G 2 )-W(Gg). If either Zg e C' or Zg € C^, 
then G''= G[{x^,x^,y^,y^,z^,z^,z^,z^}] is isomorphic to A^, as CjjC^. Now G“ 
is a proper Induced subgraph of G, a contradiction. So neither z^ € Cl nor 
Zg € C^. Now G"=G[{Xj,X 2 ,yj,y 2 .Zj.Z 3 .Z 4 .Z 5 >] is isomorphic to AgCn=3). 
Since G” is a proper induced subgraph of G, we have a contradiction. 

Subcase 1(b): a is of 2nd type. 

Wig, W(G2) c VKGg). Let Cg be a principal clique of Gg. Now Cg is a 
separating clique of G. Now W(G^} is not a proper subset of W(Gg), 
otherwise i4(G,Cg) will have at least four points contradicting the choice 
of C. Let Gj be the separated graphs of G w.r.t. Cg containing Gj^-W(Gj^), 
lsis3( W(Gj^) is w.r.t. C ). By the choice of C, there are exactly three 
separated graphs w.r.t. Cg. Let C^ be a principal clique of G^, l£l:£3. Then 
clearly Cg ^ C' and C' >C 2 . and either C^ <=> Cg or Cg > C^. Now by Lemma 
2.3.5, G' u Gg contains a subgraph isomorphic to either or Hg. 

Assume that G' u G^ contains a subgraph isomorphic to H^(n&3) . Then 
either C 2 «=>Cg or, u Gg contains a subgraph isomorphic to , because if 
GgVXlg contains a subgraph isomorphic to Hg, then G will not be a critical 
DV graph, which can be seen from the structure of and Hg. Suppose G^ u 
Gg is isomorphic to H^(na3). If every relevant clique of Gg is attached to 
every relevant clique of G^, then G will be Isomorphic to Ag; otherwise, G 
will be isomorphic to Ag. Next assume that C^ *=* Cg. Suppose Gj^ u is 
Isomorphic to H^(n>3). If Cg is attached to every relevauit clique of G', 
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then G will be Isomorphic to A_: otherwise, G will be Isomorphic to A.. If 

o o 

G' u Gg is isomorphic to H^(n= 3 ), then G will be isomorphic to one of Ag, 

A^ , end A „ • 

6 4 

Next, let G' u G^ contain a subgraph Isomorphic to Hg. Then clearly 
C^. otherwise, G^ u Gg will contain a subgraph isomorphic to or 
Hg, in which case it can be seen using the structure of and Hg that G is 
not a critical DV graph. So G will be isomorphic to A^ or Aj^q in this case. 

( Note that if yj also isomorphic to Hg, then G will contain a 

subgraph isomorphic to the graph in Figure 2 . 4 . 3 , which is a critical UV 
graph but not a critical DV graph. We will use this in the next section in 
finding the forbidden subgraphs for UV graphs.) 

Subcase 1 (c): a is of 3 rd type. 

If W(Gj)n \liG^)r\ WCG^)* 0, then let x € W(G^) n W(G2), y 6 W(G2) f> 
W(Gg), and z e WCG^) r\ W(Gj^), Xj^ e Cj^-W(Gj^), where is a principal clique 
of Gj^, 1 s is 3 . Then Gt{x,y,z,Xj,X2,X2}] is isomorphic to Aj. Otherwise 
let X e W(Gj)n W(G2)n W(Gg). Again C'=C-x is a separating clique of G'=G-x. 
Let G'=Gj-x. Then G',G2, and G^ are the only separated graphs of G' w.r.t. 
C' . Note that G' Gj iff G^ is attached to Gj. If G^, G^ and Gg are pair 
wise unattached, then let xj^ € W(G') and y^^e Cj-W(Gj^), where C' is a 
principal clique of G', lsis 3 . Then G[{x,x' ,X2,X2,yj,y2,y2)] is isomorphic 
to Ag. If A(G',C') is connected, wig, assume that G'«=»G2, G^ G^, and Gj| 
G^. Let x^e W(G')n W(G^), X2 e W(G^) nW(G^), XgS (C' nC')-C^, x^ e 

(CgOC'l-C^. where C' is a principal clique of G', lsia 3 . Then 
Gt(x,Xj,X2,Xg, x^.yi*y2>y3J^l isomorphic to Ag. So assume that G'<-^2» 
G^l G', and G^| G^. Let Xj € W(Gp-W(G^), X2 € WCG^-WCG^, Xg e W(G^), y^ 
€ C'-C, where C' is a principal clique of G^, laia 3 . Then 

Gt{x,Xj,X2.Xg,yj,y2,yg}] is isomorphic to Ag, which is a proper Induced 
subgraph of G. Hence we have a contradiction. 



35 


Case 2: k > 1. 

Subcase 2(a): a is of 1st type. 

Wig, W(Gj) - W(G 2 ). Since k >1, Gj and G 2 are strong separated graphs. 
So W(Gj)SW(Gj) for all 1, 2ais2k+l. Since Gj<=»G 2 k+i* ^ ''^Sk+1^ ^ W(Gj), 
G^ has at least two relevant cliques. Let be a principal clique of G^. 
Then clearly is a separating clique of G, and j 4(G,C^) has more vertices 
than 4(G,C). This contradicts the choice of C. Hence cc caui not be of 1st 
type. 

Subcase 2(b): a is of 2nd type. 


Wig, W(G2) c W(Gj). We claim that G^ dominates G^, 3 a J d 2k. Now G^ 
G 2 . As k>l, WtGg) and W(G^) are comparable. If W(Gj) £ WtG^), then 

since G 2 G^, G^ G^, and k>l, it contradicts the fact that a is 
chordless. So G^ dominates G^ and hence dominates Gj, 3aja2k, by Lemma 
2.3.1. Again by Lemma 2.3.1, W(G^) is incomparable with , 2aia2k-l. 

Let be a principal clique of Gj^, l'Sia2k+l. Now Gj^<=>»G 2 * ^ 

W(Gj). So there exists C' in G^ s.t. C 2 >Cj. Note that W(G 2 j^^j) is not a 

subset of W(Gj^); otherwise, will be a separating clique of G s.t. 

itf(G,Cj) has more vertices than that of 4(G,C) contradicting the choice of 
C. So W(Gj) and W(G ^^^ ^^ ) are incomparable. Assume that dominates some 

Gj^, i ^ (l,2k>. Then ^ 2 ^^^^ is a strong separated graph. Let G'=G-{C-W(Gj)). 
Then is a separating clique of G' and :tf(G',Cj) has an induced odd cycle, 
namely ‘ ‘ ' ’^2k+l’ separated graph of G' w.r.t. 

containing C^, 2sis2k+l, and G' is the separated graph containing Cy So G' 
is not a DV graph, which is contrary to the fact that G € . So 

does not dominate any G^, l^i£2k. So W(G^^^) is not a subset of W(G ^^^ ^^ ) . 
Hence 2sis2k. Let Xj^eCCj^rCj^^j) , € Cj^-C, 2£i^k, e 

(Cj^nC'nC), ^2k*\^ ^^2k+l'^^"’S' ^1 ®tC'nCj)-C, and y' € C'-C^. Then 

G[{Xj,X 2 , . . . ,X 2 j^^j,yj,y 2 y2k+l’^i^^ isomorphic A^j(k>l). 
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Case 3: a is of 3rd type. 

Subcase 3(a): G^| Iff i * J-1, 1 s i < J a 2k+l. 

Let Cj^ be a principal clique of G^, Iais2k+1. Let 6 

€ Cj^-C, lsia2k+l. Then G[{Xj,X 2 ^2k+l’^l’^2’ ” ' ’^2k+l^^ isomorphic 

to A, 2 - 

Subcase 3(b): There exists some G^ which dominates some separated graphs. 

Now by Lemma 2.3.1, G^ is a strong separated graph. If G^ is the only 
strong separated graph, then using the analysis used earlier it can be 
shown that G is isomorphic to ’*• type. If there exists 

some other strong separated graph Gj, then by Lemma 2.3.1, Gj^ and Gj are 
the only strong separated graphs, aund G^ and Gj occur consecutively in a. 
Using a similar analysis it can be shown that G will be Isomorphic to 
in this case. I 

2.4 Forbidden Subgraphs For UV Graphs: 

The concept of Path (also UV) graphs was introduced by Renz[108]. In 
[108] he presented two minimal forbidden subgraphs R^, and Rg of Figure 
2.4.1, for Path graphs, and asked to find all other forbidden subgraphs for 
Path graphs. In this section we study the structure of forbidden subgraphs 
for Path graphs. 

Throughout this section, let G e and C be any separating clique of 

^2 

G. We have the following useful observations. 

Observation 2.4.1 (i) il(G,C) has an induced odd cycle a=Gj, G^* • • • . *^2k+l’ 
(ii) Every clique of G except C is a relevant clique of G w.r.t.C. 

G is said to be of 1st type if A(G,C) has an induced odd cycle of 1st 
type. G is of 2nd type if G is not of 1st type and A(G,C) has an induced 
odd cycle of 2nd type. If G is neither of 1st type nor of 2nd type, then it 
is said to be of 3rd type. A triplet (G^, G 2 , G^) is said to be an 
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antlp>odal triplet w.r.t. some v e V if they are pair wise antipodal and v € 
(W(Gj) n W(G 2 ) rt WCGg)). In this case we denote it by (v,Gj ,G2,G2) . 

Lemna 2.4.2: Let G € 7- be of 1st type w.r.t C. Then either (i) G has an 

antipodal triplet, or (ii) i((G,C) contains an induced odd cycle of length 
at least 5 containing two consecutive strong separated graphs. 

Proof: Let a » Gj, G 2 , . .Gj^, . . . , k fe 1 be an induced odd cycle of 1st 

type of ^(G,C). Assume that G has no antipodal triplet. Ulg, we may take 
W(Gj)=W(G 2 ), ® proper subset of W(G 2 ), then Gj 

♦«» Gg because G 2 <=^ G^. This is contrary to the fact that a Is chordless. So 
WCG^) c W(G 2 ) and G^ dominates G^. Hence by Lemma 2.3.1, G^ is a strong 
separated graph. Similarly G 2 is a strong separated graph. Now by Lemma 
2.3.1 G^ and G 2 are the only strong separated graphs in a.| 

Lemma 2.4.3: Let G € 9^ be of 2nd type w.r.t. C. Then 4<(G,C) is isomorphic 


to an Induced odd cycle a = G^. G 2 ^2k+l' either (i) a 

contains a strong separated graph, or (11) G has sui antipodal triplet (x. 


^1* S’ 

Proof: Let a = G^, S*"'’Sk+l induced odd cycle of 2nd type. Wig, 

W(G 2 ) c W(Gj^). If WCG^) is not a subset of W(Gj^), then G^ G^. Let x e 

W(G 2 ) n WCGg). Then ( x, G^, G 2 , G^) is aui antipodal triplet. So WCG^) S 

W(Gj). If k=l, then again G has an antipodal triplet. If k >1, then Gj 

dominates G_. So by Lemma 2.3.1, G. is a strong separated graph. Therefore, 

^ 2k+l 

W(Gj^)n W(Gj^j) £ W(Gj), l£l£2k. Hence u Gj^ is not a path graph. As G e 
, «4(G,C) isomorphic to a. I 

S 

Let G^ and G^ be any two separated graphs of a chordal graph G w.r.t. 
some separating clique. G^ is said to predominate Gj if G^ is attached to 
Gy and W(Gj) C W(G^). 

Lemma 2.4.4: Let G € 9^ be of 3rd type w.r.t. some separating clique C and 

Wo 
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G has no antipodal triplet w.r.t. any separating clique. Let 

a=Gj,G 2 . . . . ,G 2 j^^j, k>l be an induced odd cycle of G. Then either (1) a 

contains at least one strong separated graph, or (2) there exists a 

separated graph G' s.t. G' predominates at least 2k separated graphs of a. 

Proof: Assume that (1) is not true. Since G e > some x € C belongs to 

^2 

three differently colored separated graphs, say G' , G“, and G”', in any 
proper coloring of «tf(G,C). Since G does not contain any antipodal triplet 
w.r.t. any separating clique, G',G", and G"' are not pair wise antipodal. 
So wig, G' fc G". We claim that G' is different from G^, lsis2k+l. If 
possible, wig, G'=Gj. Let be a principal clique of G^^, lsis2k+l. So Cj 
is a separating clique of G. But C^| C^, which contradicts our observation 
2.4.1(11). So G' is different from Gj^, lsis2k+l. To complete the proof of 
the Lemma, we need the following intermediate results. 

Fact 1: G' predominates some separated graphs of a. 

Proof of Fact 1: If possible, let G' do not predominate amy of Gj^, l^ia 
2k+l, where a = Gj, G^, . . . , G2K+1‘ ^ principal clique of G' . Then 

clearly C' is a separating clique of G, as G' dominates some separated 
graph. Since « is of 3rd type there exists in Gj^ s.t. ^1+1’ 

lsis2k+l. Let x e W(Gj)nW(G 2 ), and G^ be the separated graph w.r.t. C' 
containing V(Gj)-W{Gj), where G^ and W(Gj) are w.r.t. C. Then G^ contains 

V(Gj^)-W(Gj), where G^ and WCG^) are w.r.t. C, l£is2k+l. Let G', G^ G|. 

be the separated graphs of G w.r.t. C' s.t. G|.= G^. Now C' is again a 
separating clique of G-x, and G', G^,..., ^^e also separated graphs of 

G-x w.r.t. C". Let GJ.(x)= G'-x. Clearly G' n G' n G^ * ^ iff Gj[ n G' r\ 
G^(x) * lai<J<r. Next we claim that G'^^ iff G'4-#G|.(x), isKr. Clearly 
GJ^<-»G^(x) implies Suppose and G' is not auitipodal to G^(x). 

So Gj.(x) > Gj^. Let C' and C'-x be some principal cliques of Gj^ and GJ.(x), 
respectively. Since Gj^4»>»GJ., there exist some C^ in G^ s.t. C' > CJ^, amd x e 
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C". So C, > C" or C_ > C". Wig, C. > C" . Then C- Is a separating clique of G 

but C.IC, , which is a contradiction to the observation 2.4.1(ii). So Gl4=>G' 
4*1 1 r 

iff G'<-»G^(x). Hence G-x is not a path graph as G is not a path graph. This 
contradicts the fact that G e , and proves the Fact 1.1 

Assume that G' predominates at most (2k-l) separated graphs of a. 

Fact 2: G' does not predominate some two consecutive separated graphs of a. 
Proof of Fact 2: Wig G' does not predominate G^. Let X€W(Gj)-W(G' ). Since a 
is of 3rd type, there exists in G^ s.t. ♦»* lsis2k+l. If 

possible, for every 1, lsia2k+l, let Gj^ or Gj^^^ be predominated by G' . Then 
I W(G^) n WCG’)| a 2, for all i* 1,2, . . . ,2k+l. Let { w’^, w''^} C (W(Gj) n 
W(G')) s.t. w^ 6 (W(Gj^) n W(G^_j)) and w^ € (W(G^) r» W(Gj^j)). Let w''' e 
Cj^-C, where Cj^ is a principal clique of Gj^, lsia2k+l. Let C' be a principal 
clique of G'.Then Gl{w',w“,w'''}^_j u C'u {x}J is a proper subgraph of G, 
which is not a path graph. Hence we have a contradiction and the Fact 2 is 
established. I 

Fact 3; G' predominates at least 2k-l separated graphs of a. 

Proof of fact 3: Assume that G' predominates at most 2k-2 separated graphs. 

So by Fact 2, G' does not predominate some two consecutive separated graphs 

of a. Wig, G' does not predominate Gj, G^, and G^^. Let x € W(Gj)aW(G 2 ), and 

y 6 W(Gj)-W(G'). Let G', Isisr, be the separated graph of G w. r.t. C' , 

where C' is a principal clique of G' s.t. y e G^. So as in the proof of the 

Fact 1, G-x will not be a path graph, which is a contradiction. So G' 

predominates at least 2k-l separated graphs of a.| 

Suppose G' does not predominate G^ and G 2 but predominates G^. Let C' 

be a principal clique of G' . Then clearly C' is a separating clique of G. 

Let S be the set of separated graphs w.r.t. C predominated by G' . Let G = 

G, , where P= G_, G, ,G, G, « G, is a longest path of A(G,C) 

r 1 2 ^r-1 ^r 

starting from G^ among all the paths of A(G,C) containing only the 
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separated graphs from S. Clearly length of P is at least 2k-2. Now 
corresponding to each member of S there is a separated graph G^(l) of G 

w.r.t. C' containing Gj^-(C-W(Gj^) ( W(Gj^) is w.r.t. C). Let S(l)=<Gj(l) s.t. 

«» 

Gj^ € S}. Let G be the separated graph of G w.r.t. C' containing Gj-W(Gj) 

(W(Gj) is w.r.t. O.Let S(2)={ G^ s.t. G' is a separated graph w.r.t. C' 

«« 

and neither G' e S(l) nor G'=G >. 

Since G is a critical path graph, H *(G-G (l))u C' is a path graph. 

Let f be a coloring function of 4(H,C'). Since W(G, (1)) S W(G**), isjsr, 

J 

and W(G.,(1)) £ W(G ), the separated graphs of the path P'= G-(1),G, (1), 
J 3 Ij 

G. (1) G, (1), receives exactly two colors, say 1 and 2, under f. 

2 ^r-1 

« 

Wig, G, (1) receives color 1 under f. Color G (1) by color 2. 
r-1 

Claim A: The new coloring is a valid coloring in the sense that it does not 
violate any condition of the separator Theorem for UV graphs. 

First we show that the coloring of 4tf(G,C') is a proper coloring. If 

* 

possible, there exists G' s.t. G'*«»G (1), and G^ has color 2. By the choice 

of G*(l), G' « S(l). If G'=G**, then P'u{G**G 2 (l ) , G**G*(1)} is an odd 

cycle s.t. W(G^ (1) £ W(G**), isjsr, where G*(1)=G^ (1). So 4(G,C') will 

J r 

have an induced odd cycle a containing a strong separated graph, which 

«• 

contradicts our assumption. Next assume that G' € S(2). So G has color 1. 

IK# 

Hence P'u{G G„(l), G G (1)> is an odd cycle s.t. W(G. (1) £ W(G ), 

« 

lajsr, where G (l)=Gj^ (1). So 4(.G,C') will have an induced odd cycle a 

^r 

containing a strong separated graph, which contradicts our assumption. 
Hence the new coloring is a proper coloring of 4tf(G,C'). 

Next we show that there is no x 6 C' s.t. x has three differently 
colored neighboring separated graphs. If possible, let there exist G', G“ 
s.t. G', G“, and G*(l) receive different colors, and W(GpnW(GpnW(G*(l) 
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Let X € W(GpnW(GJ)nW(G (1). 

Case 1: G^ and G^ both belong to S(2). 

»« 

Then G ,G', and G“ are three differently colored separated graphs 
s.t. X € W(G' )nW{G")nW(G**). This contradicts the fact that f is a valid 


coloring of jtf(G,C')-G (1). 

Case 2: One of G^, and G” belongs to S(2). 

Wig, Gj e S(2). Now G" e S(l) or Gj=G . First assume that G"=G . 

Then clearly G has color 1. If Gj G*(l), then P'u{G**G 2 (l), G'G (1), 

G'G**} is an odd cycle s.t. WCG^ (1) £ W(G**), l^Jsr, where G*(1)=G (1). 

J r 

and W(G (1) n WCG') £ W(G ). So ^^(G.C'} will have an induced odd cycle a 
containing a strong separated graph, a contradiction to our assumption. If 

Git G*(l), then G, (1) is attached to G' So G**,G (1), and Gi are 

^r-2 ^ ^r-2 

mm 

differently colored separated graphs s.t. W(G )nW(G, (l))rkW(Gn This 

J 

« 

contradicts the fact that f is a valid coloring of 4tf(G,C')-G (1). 

«» «• 

Next assume that G^ ^ . If G has color 2, then G > G', and G^ are 

mm 

differently colored separated graphs s.t. W(G )nW(GpniW(Gp *<t>. This 
contradicts the fact that f is a valid coloring of 44(G,C')-G (1). So assume 
that G** has color 1. If G' G*(l) , then , G'G*(1), G'G**} is 

an odd cycle s.t. W(Gj^ (1) £ W(G ), isjsr, where G (1)=G. (1), and W(G (1) 

J r 

mm 

A W(G^) £ U(G ). So «tf(G,C') will have an induced odd cycle a containing a 

strong separated graph, which is a contradiction to our assumption. So 

m «» 

assvime that G'2G (1). Then G, (1) is attached to G' . So G ,G. (1), and 

^ ^r-2 ^ ^r-2 

«« 

G' are differently colored separated graphs s.t. W(G )nW(G, (1 ))aW(G') 

J 


» 

This contradicts the fact that f is a valid coloring' of W(G,C')-G (1). So 
case 2 will not occur. 

Case 3: Neither G' nor G'^ belong to S(2). 

«• •• mm 

If neither G'=G nor Gj=G , then clearly G has color 1. Wig, G' 
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•» 

has color different from 1. So we can replace GJ by G . So wig, assume 

that G'^^G . By the choice of G (1), G^ Is not antipodal to G (1). First 

• •» 

assume that G'^G (1). Then G. (1) is attached to G1 . So G ,G, (1), and 

r-2 ^ ^r-2 

•» 

G^ are differently colored separated graphs s.t. W(G )nU(G. (l))nW(G'} 

J 

» 

This contradicts the fact that f is a valid coloring of <<(G,C')-G (1). Next 

mm m 

assume that G (1)^'. So C (1) is a separating clique of G, where C (1) is 

a principal clique of G (1). Again there exist G^ and G^ in S(2) s.t. 

G24=»G2. By Observation 2.4.1{ii) both G^, and G^ are attached to G*(l). 

4 

Since G has no antipodal triplet w. r.t. any separating clique, either G^ * 

G*(l) or G^ fc G*(l). Wig, G^ s G*(l). Let x € W(G^) n W(G^) n W(G*(1)). So 

«» » «« 

(x,G .G^.G^) is an antipodal triplet of G as U(G^)SW(G ). Hence we have a 

contradiction. So case 3 will not occur. 

Thus the new coloring is a valid coloring of J(G,C') and claim A is 
proved. 

Since j 4(G,C) admits a valid coloring, G is not a critical path graph, 

a contradiction! Hence G' predominates at least 2k separated graphs of a.| 

G € is said to be a ’bad minimal separated graph’ if (i) G is of 
^2 

3rd type, (ii) every Induced odd cycle of jd(G,C) is of length 3 for every 
separating clique C of G, zmd (iii) there exists no odd cycle say 
a=Gj,G 2 ,G 2 and a separated graph G' w. r.t. C s.t. G' predominates at least 
two separated graphs of a. 


We next define two graphs F^Ck), and F^(k) which will appear in the 
list of forbidden subgraphs for UV graphs. 


V(F3(k))={Vj,V2 V2^+i'''l’''2’ 

■ ' • ’'^2k+l 

,Xj^,X^). 

s.t. 

(1) 

<Vi’V2....’V2k+^’Uj’U2 U2j^^l} 

is a 

trampoline 

T 

2k+l 

with 

^^’’'2 ’^k+r 

^'^r'^2 ''2k+l^’ 

(2) 

is adjacent 

to 

all of 
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The graph F^(k) is obtained from F^Ck) by Joining the vertices and 
Uj in FgCk). 

The graphs F^CZ) and F^(2) are illustrated in Figure 2.4.2. 

Theorem 2.4.5: G € f- iff either G is a bad minimal forbidden subgraph or 

®2 

G is isomorphic to one of the graphs in Aj to Ajg mentioned in Theorem 
2.3.6 except Kj and Aj 2 or ^ graph in Figure 2.4.3, or one of F^Ck) and 
F4(k). 

Proof: Sufficiency: 

It is a routine job to verify that each of the graphs mentioned in 
Theorem 2.4.5 is a critical path graph. 

Necessity: 

Let G e 7,0 . If G is not chordal, then G will be Isomorphic to C , 

n&4. So assume that G is chordal. As G has more than two cliques, G has a 
separating clique. Let C be a strong separating clique of G, and let G^, 
isisr, be the separated graphs. 

Case 1: G contains an antipodal triplet ( x, G^, G 2 , G^)* 

Let a=Gj,G 2 ,G 2 . If G is a critical DV graph, then as in Theorem 2.3.6, 
G will be isomorphic to one of A^ to A^^ except Kj in Figure 2.3.2. So 
assume that G is not a critical DV graph. If a is not of 3rd type, then as 
in the proof of Theorem 2.3.6, G will be isomorphic to F^^. Next assume that 
a is of 3rd type. Let G'*G-x, and G'=Gj-x, lsis3, and C^=C-x. Then C' is a 
separating clique of G' and G', G^, and G^ are the only separated subgraphs 
w.r.t. C' . Let C' be a principal clique of G', Iais3. 

If G's are pair wise antipodal, then as in Theorem 2.3.6, G' will be 
isomorphic to Aj, since G' is also of 3rd type. So G[V(A.^)u ■{x})] will be 
Isomorphic to F 2 of Figure 2.4.3.. Since G is a critical path graph, G will 


be isomorphic to F^- 
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F3(2) 


F4(2) 


Figure 2.4.2: Two critical UV'K*raphs 
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If 4(G',C') is disconnected, then assume wig that G' and G^ lie In 
different components of 4(G',C'). Let Xj 6 W(Gp, e VKG^J-VCG^), 
W(G 2 )-W(G 2 ), Xj e C' -C' , lsis3. Then G[-(x,Xj,X 2 ,X 2 ,yj,y 2 .y 3 H Is Isomorphic 
to Ag of Figure 2.3.3, which Is a critical DV graph. This contradicts our 
assumption. 

If G^, G^«-»G^, and G' jG^. Then let x^e W(Gp-W{G^), X 26 W(G^) n 

W(Gp, X 3 € W(G^)nW(G^), x^ € W(G^)-W(Gp, and e C^-C' . Isis3. Then 

G[{x,x^,X 2 ,X 3 ,x^,yj,y 2 ,y 3 >l Is Isomorphic to of Figure 2.3.3, which Is a 
critical DV graph. This contradicts our assumption. 

Case 2: G does not have any antipodal triplet with respect to any 
separating clique. 

Subcase 2(a): G Is of 1st type. 

Since G does not have any antipodal triplet, by Lemma 2.4.2, j 4(G,C) 
contains an odd cycle containing two strong separated graphs. Let a= G^^, 
G 2 , • . . ,G 2 j^^j. Wig, W(Gj^)=W(G 2 ) . So Gj and G 2 are the two strong separated 
graphs. Hence W(Gj^) £W(G^) for all 1, 2sls2k+l. Since ^ 2 ’ Lemma 

2.3.5, each of G^ and G 2 has at least two relevant cliques. Let be a 
principal clique of G^. Then Is separating clique of G and A(G,C^) has 
more vertices than that of A(G,C). This contradicts the choice of C. So 
this case will not occur. 


Subcase 2(b}: G is of 2 nd type. 

Since G does not have any antipodal triplet, by Lemma 2.4.3, A(G,C) Is 


Isomorphic to an induced odd cycle a= Gj,G 2 *'2k+l* 


s.t. a Is of 2 nd 


type. Wig, W(G 2 ) c W(Gj^). So by Lemma 2.4.3, G^ is a strong separated graph 
and W(Gj^) is Incomparable with W(Gj^^j) , 2ais2k-l. Let be a principal 
clique of Gj, lsis2k+l. Now Gj«=»G 2 , and W(G 2 ) c W(Gj). So there exists C' 
in Gj s.t. C 2 >C'. Note that W(G 2 j^^j) is not a subset of W(Gj), otherwise Cj 
will be a separating clique of G s.t. 44 (G,C^) has more vertices than j4(G,C) 




Figure 2.4.3: Some Forbidden Subgraphs For UV Graphs. 
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contradicting the choice of C. So W(Gj) and W(G2j^^j) are incomparable. 
Assume that ^ 2^+1 some Gj^, 1 € {I, 2k}. Then is a strong 

separated graph. Let G'=G-(C-W(Gj)). Then Cj is a separating clique of G' 

and A(G',Cj) has an Induced odd cycle, namely ’®2k+l’ 

the separated graph of G' w.r.t. containing C^, 2sis2k+l, and G^ is the 
separated graph containing Cj. Since a G' , 2sls2k-l, G' is not a 

path graph, which contradicts the fact that G e . So G2j^^j does not 

dominate any G^, isi^Zk, whence W(G2j^) is not a subset of W(G2j^^j). Hence 
2sia2k. Let , y^e Cj^-C, 2sls2k, Xj€ (CjOC^nC), X2j^+i€ 


(C2^,,nc)-c,. 


y^ e(C'nCj)-C, and y' 


C-Ci. 


Then 


G[{Xj,X 2, . . . ,X2jj^j,yj,y2 '^Zk+r^P^ isomorphic to to the graph 

Ajj(k>l) of last section. 

Subcase 2(c): G is of 3rd typ>e and G is not a bad forbidden subgraph. 

By our assumption G does not contain any antipodal triplet. First 
assume that W(G,C) has an Induced odd cycle of length at least 5. So 

condition (1) or (2) of Lemma 2.4.4 holds. Suppose jI(G,C) Is Isomorphic to 

an induced odd cycle a=Gj,G2 ^2k+l’ * contains at least one 

strong separated graph. So as in Theorem 2.3.6 subcase 3(b), G will be 
isomorphic to last section if a contains exactly one strong 

separated graph. In case a contains two strong separated graphs, then G 
will be isomorphic to Aj^(k>l). 

So assume that there exist an odd cycle a=Gj,G2 ®2k+l <tf(G,C) 

and a separated graph G' s.t. W(Gj^) £ W(G'), IsisZk. Let x€ C-C' , where C' 
is a principal clique of G' . Let x^e and y^ 6 Cj^-C, where is a 

principal clique of Gj^, lsis2k+l. Let y e C'-C. Let 

F=GHx,y,Xj,X2, ^21+1’ yi*y2’' ‘’^2k+l^^' ^ Isomorphic to F^Ck) 

if G' predominates exactly 2k separated graphs. If G' predominates all the 
separated graphs of a, the F is isomorphic to F^(k). Since F^Ck) and F^(k) 
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are critical path graphs, G is isomorphic to F 2 (k>l) or F^(k>l), in this 
case. 

Next assxime that a is an odd cycle of ji(G,C). Since G is not 

a bad forbidden subgraph, there exists a separated graph, say G^ s.t. G^ 
predominates at least two separated graphs of a. If G^ predominates exactly 
two separated graphs of «, then G will be isomorphic to F^(l), otherwise G 
will be isomorphic to F^(l).| 

Conjecture: There is no bad minimal forbidden subgraphs for UV graphs. 


The graph in Figure 2.3.3 shows that a strongly chordal graph is 
not necessarily a path graph. So it is natural to ask which strongly 
chordal graphs are path graphs. Since a strongly chordal graph does not 
have a trampoline as an induced subgraph, we have the following corollary 
to Theorem 2.4.5. 


Corollary 2.4.6: A strongly chordal graph G is a path graph iff it 
contains neither F^ of Figure 2.4.3 nor it contains any of the graphs Aj to 
Aj^g other than Kj and ^ induced subgraph. 

Also every k-tree, ka:2 need not be a path graph. For example, the 


graph A^ in Figure 2.3.3 is a 2-tree but not a path graph. In view of this 
it is natural to ask which k-trees, k&2 are path graphs. 


Let s.t. G is a k-tree and G is a path graph }, k2:2. Let ? ^ 

^3 

{G d but G-v e for every v e S(G)}. Note that f = { G d 6^, but G' 
e fo*" ®very sub k-tree G' of G}. Next we characterize ?gk. 


Leima 2.4.7: Let G e ? . , k^. Then G has an antipodal triplet w.r.t. 


every separating clique C of G. 
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Proof: Let G^. ^ separated subgraphs w.r.t. some separating 

clique C of G. Note that each G^ has exactly one principal clique. If there 

exist 1 and J s.t. W(G^) > then we claim that each of G^ and Gj has 

at least two relevant cliques. If possible, wig, W(Gj)=W(G 2 ) and Gj has 

exactly one relevant clique. So Gj > G 2 . Let G'®G-(Cj-C), where Cj is the 

relevant clique of G. Now C is again a separating clique of G' and G' is a 

sub k-tree of G. So G' is a path graph and 44 (G',C) has a valid coloring. 

Now extend the coloring of jtf(G',C) to :4(G,C) by assigning G^ the color of 

G^. The coloring so obtained is a valid coloring of iJ(G,C) because (>1 

implies G^4 °># G^. So a contradiction arises, and hence our claim holds. So 

Gj ^«-4 Gj iff i * J and is i,Jsr. So every induced odd cycle of <<(G,C) is of 

length 3. Let a=Gj, Gg, G^ be an Induced odd cycle. If a is not of 3rd type 

then R W(G, ) * ^ as W(G, ) * |C|-1, for all i, 1 s 1 5 r. So G has an 
i-1 ^ ^ 

antipodal triplet (x>Gj,G 2 ,G 2 ) where x e W(G^) for all 1 s i s 3. If r=3, 
then again G has an antipodal triplet as G is not a path graph. If 
possible, let G^ be any other separated graph. Since WCGj^)® |C |-1 for all 
i, laiar, W(G^)=W(G^) for some i, 1 aia3. WLG, W(G^) = W(Gj). Then 

(x,Gj,G 2 ,G^) where x .€ W(Gj) n W(G 2 ) n W(G^), is an antipodal triplet. So 
the sub k-tree G'=G-(G 2 -C) of G is not a path graph, a contradiction. So 
rs3 and hence G has an antipodal triplet. Also note that there exist i and 
J s.t. W(Gj^):tW(Gj), lai<js3; otherwise jf(G,C^) will have at least four 
separated graphs, which is a contradiction. | 

We next define some k-trees Mj(k>2) ,M 2 (k> 2 ) M^(k>2) which will 

appear in the list of forbidden subgraphs for la^. 

Mj(k>2) is the k-tree with (k+4) vertices having three simplicial 
vertices, say Xj,X 2 i and x^ s.t. N(Xj)^ l^i<jai3. 

Let M be the k-tree on (k+4) vertices ’'^k+l' *1**2’*3^ 

" ■ ’\+l^ ^ (k+ 1 ) clique and N(Xj)=N(x 2 )={v 2 ,V 2 , . . . and 



51 


N(x2)*{Vj,V2,v^, . . . 

M^ClOZ) is obtained from M by taking two new vertices and and 
madcing y^ adjacent to all of {Xj . . . ,Vj^}, and adjacent to all of 

<X2.V2.V3 Vj^}. 

M3(k>2) is obtained from M by taking two new vertices y^ and y2 and 
making y^ adjacent to all of {Xj,V2 ,v^, . . . and y^ adjacent to all of 

<’‘2-''2'''4 Vl>- 

M^(k>2) is obtained from M by taking two new vertices and y2 and 
making y^ adjacent to all of {x^,V2,V3 , . . . ,Vj^}, and y2 adjacent to all of 

\+l^' 

The graphs Mj (3) , . . ,M^(3) are Illustrated in Figure 2.4.4. 

Theorem 2.4.8: Let G € Then either G is Isomorphic to one of the 

graphs Mj(k>2) to M^(k>2), or one of Aj and A2 of Figure 2.3.3. 

Proof: It is a routine exercise to check that each of the graphs mentioned 

in the Theorem belongs to F. . 

^3 

Necessity: 


Let G € F. . Let C be a separating clique of G. By Lemma 2.4.7, G has 

an emtlpodal triplet w.r.t. C. Let G^, G2and G3 be the separated graphs. 
CASE 1: k >2. 


If W{Gj) * ^ ^ must be isomorphic to M^. Otherwise 

wig, let W(Gj)=W(G 2). Clearly each of Gj and G2 has exactly one 
nonprincipal clique. Let C' and C^ be the nonprincipal cliques of G^ and 
G2, respectively. Let x e C-WCGg). Let C'r\ C = If x e C'nC, then G 

must be isomorphic to M2 otherwise G will be isomorphic to M3. Next assume 
that C^nC^C^nC. So either x 6 C'nC or x € C^nC. So G will be Isomorphic to 
M 


central liBRART 

< I. T., KANPUM 


4kNL V« 





52 



Figure 2.4.4: Illustration of Some k-trees which are not path Graphs 
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Case 2: k-2. 

Wig, let W(Gj) = ^( 62 ). If C' n C = C 2 n C^C^nC, where Cj and are 

some nonprincipal cliques of and G 2 , respectively, and Is a principal 

clique of G^, then G must be Isomorphic to of Figure 2.3.3, otherwise G 

will be isomorphic to A 2 of Figure 2.3.3.| 

A graph G(V,E) is a split graph if V=K u S s.t. KnS=^ , K is a clique 

of G, and S is an independent set of G. 

Let G s.t. G is a split graph as well as a path graph}. Since the 

graph Ag in Figure 2.3.3 is a split and a critical path graph, we next find 

, where = { H s.t. H is a split graph and H is a critical UV graph}. 
^4 ^4 

Theorem 2.4.9: G € iff G is isomorphic to one of the graphs F 2 tFg(k}, 

4 

and F^(k) or one of the graphs Ag, Ag, Aj 2 (k>l) , and Aj^(k>l). 

Proof: It is easy to see that each of the graphs mentioned in the Theorem 

2.4.9 belongs . So we prove the necessity only. Since G is a split 
®4 

graph, V(G) can be partitioned into two sets S^ and S 2 s.t. G[Sj] is an 
independent set and G[S 2 ] is a clique. ( see Golumbic[57] ) . Let C be a 
separating clique of G containing S 2 . Then C= S 2 or C= S 2 'J{x}, for some x € 

Sj. Let Gj, G 2 G^ be the separated graphs of G w. r.t. C. Note that 

|V(Gj)-C|=l for each i=l, 2,...r. So Gj^<=* Gj iff <=» Cj, where and Cj 
are the only relevant cliques of G^^ and Gj, respectively. 

Case 1: G has an antipodal triplet w.r.t. C. 

Let (x,Gj,G 2 ,Gg) be an antipodal triplet of G w.r.t. C. Now a=Gj^,G 2 ,Gg 
is of 3rd type. So by Theorem 2.4.5, G will be Isomorphic to one A^^ to A^q 

of Figure 2.4.3. But Ag, Ag, and F 2 are the only 

split graphs. 

Case 2: G has no antipodal triplet w.r.t. C. 

Subcase 2(a): 4 tf(G,C) contains sin induced odd cycle of length at least five. 


excluding kj, or to F 2 
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Let ‘ ’ ’^2k+l’ ^ ^ Induced odd cycle of <((G,C). If a 

contains at least one strong separated graph, then as in Theorem 2.3.5, G 


will be Isomorphic to Aj^(k>l) or if ® has exactly one strong 

separated graph or two strong' separated graphs, respectively. 


Subcase 2(b): No Induced odd cycle of j 1(G,C) contains a strong separated 


graph. 


Since G is not a path graph, there exists a separated graph say G^ 

s.t. G dominates some other separated graph. Let a^G. ,G„, . . ,G-, be an 
Dl 1 Z ZK'rl 

induced odd cycle of d(G,C). If G is different from G. , lsi^k+1, and G 

m in 

dominates at least 2k separated graphs of a, then as in Theorem 2.4.5, G 


will be isomorphic to one of F^tk) and F^(k). If possible for some 1, 

lsl2S2k+l, say G^^G^^. Assume that k>l. Now a has no strong separated graph. 
So wig assume that Now is a separating clique of G but 

where Cj and are the relevamt cliques of G^ and G^, respectively. This 
is a contradiction to the Observation 2.4.1(11). So clearly ksl. Let x € 


C-U(G ). Now clearly C Is a separating clique of G, where C is the 
n n n 

principal clique of G^. Let ^',0^ G^ be the separated graphs of <i(G,Cj^) 

s.t. X e V(G^). If <4(G,Cj^)-G^ does not contain any odd cycle then every odd 

cycle of j4(G,C^) Is of 1st or 2nd type. So as in Theorem 2.4.5, G will be 

isomorphic to A. .(k>l). But A, ,(k>l) is not a split graph. So ^(G,C )- G' 
11 ii nr 

contains an odd cycle. So G will be isomorphic to F^(k) as W(G') £ WCG^ 
for all i, isisr.J 


2.5 The Separator Theorem for Interval Graphs: 

In this section we characterize interval graphs following the 
framework of Monma and Wei [921, and use this to find forbidden subgraphs 
for interval graphs in the subsequent section. 
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The following characterization of interval graphs as the intersection 
graphs of subpaths in a path, follows from the Theorem 1.4.5. 

Theorem 2.5.1: A graph G is an interval graph iff there exists a path T 
s.t. V(T)=CtCr) and for every vertex v of G, T[Q^(G)] is a subpath of T. 

The path T satisfying Theorem 2.5.1 is called an Interval clique tree 
of the interval graph G. 

Let C separate G into separated graphs G^, G 2 ,...,G^. 

Proposition 2.5.2: If G is an interval graph, then each G^ is an interval 
graph with a clique tree T^ having C as an end vertex. 

Proof: Let T be an Interval clique tree for G. Let ir(Vj) be the subgraph of 
T consisting of vertices traversed by paths corresponding to the vertices 

in Vj^, where Vj^=V(Gj^)-C. Since G[Vj^] is connected, so is it(Vj). Since T is 

» 

a path, i((V, ) is a path. So there is a unique path it = C, C, ,C. 

^1 ^2 ^r 

s.t. C. ,...,C, d nCV. ) and C. 6 ii(V. ). Construct T. by augmenting it(V. ) 

ir-1 ^ V ^ 

by a new vertex C and a new edge C . Then Tj^ is an interval clique tree 

^r 

for G^ having C as an end vertex. | 

A separated graph G^ is said to be nonrelevauit if it has no 
nonrelevant cliques, otherwise it is called a relevant separated graph. Let 
be the set of cliques of Gj^ excluding C. Let it(C^) “ T[Cjl- Then as we 
have seen in Proposition 2.5.2, ii(Cj^)=ir(Vj^)=Tj^-C. Let w(v) denote the path 
(consisting of vertices) in T corresponding to v e V. Since C is a 
separating clique of G, C corresponds to an internal vertex of T. Consider 
T as a rooted tree with C as the root. Then there are two branches, say Bj 
and B^, of T emanating from C. 

We now characterize interval graphs in terms of separated graphs 
following the framework of Monma and Uel[92]. 

Theorem 2.5.3: G is am Interval graph iff (1) each G^ is an Interval graph. 
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and (2) the set S of separated graphs can be 2-colored s.t. no two 

antipodal graphs receive the same color, and that In each color class no 
two relevant cliques are unattached, and every separated graph , except 
possibly one, has no nonrelevant clique. The exceptional graph, should it 
exist, must be dominated by every separated graph of like color. 

Proof: Necessity: 

The condition (1) follows from Proposition 2.5.2. Let T be a clique 
tree of G. Color the separated graphs according to which branch of the tree 
it is on. Since T has two branches, G^*s are 2-colored. Assuming subgraphs 
and that G^^ and G^ have the same color, we will find a 

contradiction. 

There are two cases to consider. 

Case 1: Cj for some in Gj^, i=l,2. 

Let X € (Cj n C)\ and ye ( Cg n C) \ Cj^. Now k(x) and it(y) are 

paths of T each containing the vertex C of T. Since G^ and G^ have the same 

color, either k(x) is a subpath of nly) or conversely. Wig, i[(x) is a sub 
path of ir(y). Since y e and nly) contains C^, T is not an interval 
clique tree for G, a contradiction. 

Case 2: Cj > C^, C' < for some Cj, C' in G^ and C^, in G^. 

Let X € ( Cj n C)\C 2 and ye ( r» C) \ C' . Wig, ii(x) is a subpath of 
wCy). So it(Cj) is a subpath of it(y). This yields a contradiction as y e C'. 
So no two antipodal separated graphs receive the same color. 

We claim that no two relevant cliques of the separated graphs with the 
same color are unattached. If possible, let Cj^| C^, where Cj^e Gj^, i=l,2, 
and G^ and G 2 have the same color ( G^ and G^ may be the same separated 
graph). Let x € (C^ n C) and y e (C 2 a C). Then aCx) is a subpath of x(y) 
or conversely. Since x d C 2 and y d Cj, T is an interval clique tree for G 


is contradicted. 



57 


Now we assume that and are relevant separated graphs with the 
same color and exhibit a contradiction. 

Let X c W(Gj) and y e UCG^). Wig, ntx) is a subpath of ic(y). Then 
is a subpath of ii(y). So n(y) contains a vertex corresponding to a 
nonrelevant clique, say C', of G^. But y C'. So we get a contradiction. 
Hence at most one separated gre^ in each color class can .l»ve a 
nonrelevant clique. 

Let G^ be a relevant separated graph. If possible, let G^ do not 
dominate G^, and G^ auid have the same color. Since G^ is neither 

antipodal nor unattached with G 2 , G^^ > G^. So there exist in G^ and C 2 
in G 2 s.t. Cj > C 2 . Let x € (Cj^ n C) \ C 2 and ye ( 02^0. Since x is not 
in C 2 , ir(x) is a subpath of ir(y). So is a subpath of a(y). But 

contains a nonrelevant clique, say C^. Since y € C“, T is not an interval 
clique tree, a contradiction. So necessity is proved. 

Sufficiency: 

Assume that each separated subgraph is an interval graph and that they 

can be 2-colored satisfying the conditions of the Theorem. Let X“{Gj^ s.t. 

Gj^ has color 1}. Let X^=X-{Gj} if G' € X and G' is a relevant separated 

graph, otherwise X'=X. Since no two of X' are antipodal and no two are 

unattached, by Lemma 1.4.13, the separated graphs of X' can be ordered 

^1*^2’ ' ’ ’ * ’^r ^i ^ ^ ^ J* Consider the ordering Gj, G 2 , G^, 

G^^j of X', where Let be an interval clique tree for Gj^. Assume 

that G[C uVjUV 2 U. . has an interval clique tree ^ with end 

vertices C and Let Cj^ be the vertex adjacent to C in Tj^. Delete the 

vertex C from and add an edge between ^ of ^ and of Tj^ to 

obtain T^. Clearly is an Interval clique tree for G[C u u V 2 u ...u 

Vj^]. Apply the above procedure and finally construct Let 

( 2 ) 

Similarly Construct a tree T for the separated graphs having color 2. 
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Now merge the vertex C of and the vertex C of to obtain a tree T. 

It Is easy to see that T is an interval clique tree for G. Hence G is an 
interval graph. | 

2.6 Forbidden Subgraph Characterization of Interval Ch-aphs: 

In this section we present the forbidden subgraph characterization for 
interval graphs. Let G be a chordal graph Euid let G^, G 2 ....>G^ be the 
separated graphs of G w.r.t. some separating clique C. G^^ is said to be 
compatible with Gj if either G^ > Gj and (i) G^ is a nonrelevcuit separated 
subgraph, and (11) no relevant clique of G^ is unattached with any relevant 
clique of Gj, or Gj^ is equivalent to Gj and at least one is a nonrelevant 
separated graph. Otherwise G^^ is said to be noncompatible with G^. Define 
the graph S(G,C) by V(2(G,C) )={Gj, isisr}, and E(B(G,C)) = 1 s i.j s 

r, s.t. Gj^ and Gj are noncompatible}. 

The following theorem gives the structure of S(G,C]. 

Iheorem 2.6.1: Let G be a critical Interval Graph. Then the number of 
separated graphs w.r.t. any separating clique is 3. 

Proof: Let C be any separating clique of G. Since G is a critical Interval 
graph, S(G,C) is nonbipartite. So B(G,C) contains an induced odd cycle, say 


a = G. 


'2 


^'Zk+l’ ^ critical interval graph B(G,C) must be 


isomorphic to a. We claim that k=l. Let V(G^) be a maximal set amongst 
W(Gj^)’s. Since a is an induced odd cycle, W(Gj^) £ W(Gj), 2 < i < 2k+l. 
Again if Gj is a relevant separated graph, then W(Gj^) = WCG^), 2 < i < 


2k+l. As Gj is compatible with Gj, 2<i<2k+l, no Gj is a relevant separated 


graph except possibly 1=1, 2 , 2k+l. So wig, we may take Gj to be 

nonrelevant. Now if Gj| G^ or Gj| G 2 j^^j, then k=l as Gj|Gj implies Gj|G^ 
for J=2 or 2k+l, and hence a will have a chord, a contradiction! Again G 2 


is compatible with G 2 jj^j. So assume that W(G 2 j^^j) £ WCG 2 ). 
Case 1: ® subset of W(Gj). 
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Then clearly Gj 4 -» G2 and Gi*^ 2 k+ 1 ‘ possible let W(G2)«WCG2j^^j) . If 
G2 is equivalent with G2jj^j. then G2 is noncompatible with G2j^ as 
noncompatible with G21C' ® contradiction arises. So assume wig that G2 > 

® 2 k+l' Since \f(.G^)= ^2 nonprincipal clique. So G2j^_j_j is 

noncompatible with G^. as G2 is noncompatible with G^. which is a 
contradiction. Thus W(G2j^^j) c W{G2). Let x € W(G2)-W(Gj) and y e 
W(Gj). Let G'=G-y. Let C' be a principal clique of Gj. Then C' is a 
separating clique of G' . Let G^d) be the separated graph of G^ w.r.t. C' 
containing V(Gj^)-W(Gj) (W(G^) is w.r.t. C) , 2 <i< 2 k+l. Let G' be the 

separated graph of G' containing V(G2)-WCG2). Then a'=G', G^Cl), 

G^(l) ^ 2 k^^^ cycle of B(G',C'). So G' is not an Interval 

graph, which is a contradiction. 

Case 2 ; W(G2j^^j) c W{G^). 

Since Gj is noncompatible with G ^^ ^^ , either there exists a clique CJ 
of Gj s.t. C" |C2j^+i or C2j^^^ >CJ. 

Subcase 2 (a): C"n C2j^^j » 

Now Gg is compatible with G2j^^j. So W(G^) n W(G2j^^j^) * ^..( 1 ) But G^ 

is compatible with G^ and G^ dominates G^, so W(G2)£CjnC. Since C2j^^.j = 

4 >, WCG^) r\ W(G2j^^j) = which is a contradiction to ( 1 ). 

Subcase 2 (b): C''r\ C_, 

1 2 k+l ^ 

Clearly n C c W(G2j^^j). If W(G2) £ WCG^), then let x e C-W(Gj^), 
otherwise let x e W(G2)“W(Gj). Let G'=G-x. Let C' be a principal clique of 
Gj. Then C' is a separating clique of G' . If W(G2) £ W(Gj), then G2(l), 

Ggd) ^ 2 k+l^^^* ^ 1 ’ is separated graph containing the 

clique Cj, is an odd cycle of S(G',cp. So G' is not an interval graph, a 
contradiction. If W(G2) is not a subset of WCG^), then let a^=G^d), G^Cl), 
G^d ),..., ^ 2 k+l^^^’ ^ 1 ’ '^i'®*’® ^2^i^ is ii'® separated graph of G' 

containing G2-X, and Gj is the separated graph containing the clique CJ-C. 
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Then as in case 1, a' is an odd cycle of S(G',C^). So G' is not an interval 
graph, a contradiction. So k=l.| 

Lenma 2.6.2: Let G be critical interval graph. If G has a relevant 
separated graph w.r.t. some separating clique, then G has three separated 
graphs G'.G^, and G^ s.t. Gj|Gj, J=2,3. 

Proof: Let C be a separating clique of G s.t. G has a relevant separated 
graph with minimum number of cliques. Since G is a critical interval 
graph, G has three separated graphs w.r.t. to C. Let G^ and G^ be the other 
separated graphs. Since G^ is a relevant separated graph, either Gj > or 
Gj > G^. Wig, Gj^ > G^. Let Cj be a principal clique of G^^. Then is a 
separating clique of G. Let G', l^i^3 be the separated graphs of G w.r.t. 
Cj s.t. GJ^ contains Gj^-W(Gj^). (W(Gj^) is w.r.t. C). Then Clearly either 
G^|G^ or G'«-»G^. If G'|G^, then G^lG^, and our lemma is true. So assiime 
that G^. Then clearly G' is a relevant separated graph of G s.t. Gj 

has less nximber of cliques than that of G^. This contradicts the choice of 
C and proves the lemma. | 

Theorem 2.6.3: G is an Interval graph iff G does not contain any of the 
graphs in Figure 2.6.1 as Induced subgraph. 

Proof: It is a routine exercise to see that none of the graphs in Figure 
2.6.1 is an interval graph. So the sufficiency. 

Necessity: 

If possible, G is not an interval graph. Wig, let G be a critical 
interval graph. If G is not chordal then G must be Isomorphic to 1^ of 
Figure 2.6.1. So let G be chordal. 

Case 1: G has separated graphs G^,G2, and G^ w.r.t. some separating clique 
C s.t. Gj|Gj, i=2,3. 

Subcase 1(a): Exactly one of G^ and G^ is a relevant separated graph. 

Wig, G^ is a relevant separated graph. Then clearly G^ * 




62 


c WCG^), then let x € W(G 2 )nW(G 3 ), ye W(Gj), and z e W(G 2 )-W(G 3 ). Let be 
a nonrelevant clique of G^. Let y' be a vertex of which is not adjacent 

to any vertex of C. Let P=y'iyj,y 2 ^r'^ * y'~z shortest path in 

G 2 -(W(G 2 )— {z}). Let z^e C^-C and Z 2 e Cj-C, where is a principal clique 

of Gj^, i=l,3. Then G['{x,y,z,Zj,Z 2 ,y' .y^ y^.}! is isomorphic to I^(nS£2). 

Since I^(nm2) is a critical Interval graph, G is isomorphic to I^Cna^). 

If W(G 2 )=W(G 2 ), then G^ has a nonprincipal clique C^- Let z e 
Zj € W(Gj), and Z 2 e Cj^"C, where Cj is a principal clique of Gj. Let 
Pj^z.y^.y^ be an induced path of length 2 of G 2 -(W(G 2 )“z) , and P 2 =z,yj,y 2 
be aui induced path of length 2' of G^-CWCG^I-z) . The existence of Pj and P 2 
is assured since G 2 has more than two cliques and G^ has a nonprincipal 
clique. Then G'“G[{z,Zj,Z 2 ,Xj,X 2 ,yj,y 2 H is isomorphic to I^, a critical 
Interval graph. Since G' is a proper Induced subgraph of G, we have a 
contradiction. So W(G 2 ) * WCG^). 

Subcase Kb): Both G 2 and G^ are relevauit separated graphs of G. 

So G 2 is attached to G^. Let x€ r\ WCG^). Then there exists an 

Induced path of length 2, say x,Xj^,X 2 starting from x in G 2 -(C-{x}), as G 2 
has a nonrelevant clique. Similarly there exists an induced path of length 
2, say x,yj^,y 2 in G^-CC— {x}). Let y e W(Gj), and y' e Cj-C, where Cj is a 
principal clique of G^. Then G[{x,y,Xj,X 2 ,yj,y 2 .y' H is isomorphic to I^. 
Since is a critical interval graph, G is isomorphic to in this case. 
Subcase 1(c): Neither G 2 nor G^ is a relevauit separated graph. 

First assume that G 2 |G 2 - Let Xj^ € W(Gj^), and y^ e Cj^-C, where Cj^ is a 
principal clique of Gj^, lsis3. Then G[<Xj,X 2 ,X 2 .yj,y 2 ty 3 }] is isomorphic to 
I^(n=2). Since I^(n“2) is a critical interval graph, G is isomorphic to 
l4(n=2). 

Let G 2 *=»G 2 . So by Lemma 2.3.5, G 2 VXI 3 will contain a subgraph 
isomorphic to one of to H^. Let e W(Gj), and Z 2 eCj-C, where is a 
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principal clique of G^. Then clearly ^ critical 

Interval graph. So Is not antipodal to G^. 

So WCGg) and WCG^) are comparable. Clearly G2 Is not congruent to G^. 
Wig, G2 > Gg, amd WCG^) c W(G2). So there exists a relevant clique of G2 
and a relevant clique of G^ s.t. Since WCG^) c W(G2), and G2 Is 

not antipodal to G^, C^IC^. Let Xj € C^-C s.t, x^ Is not adjacent to any 
vertex of WCG^). Let G^= G2-(V(G2)-(Cu(Xj)), and G'=G-{V(G2)-(Cu{x}) ) . Then 
G^.G^, and G^ are pair wise xinattached separated graphs of G' w.r.t.C. So 
G' Is not an Interval graph. Hence a contradiction. 

Case 2 : There exist no separated graphs G^, G2, and G^ s.t. 1 ^ 2 , 3 . 

Let ^3 ^ separated graphs w.r.t. some separating clique C. 

Then by Lemma 2 . 6 . 2 , no G^ Is a relevant separated graph, l^ls 3 . 

Subcase 2 (a): G^, G2, and G^ are pair wise antipodal. 

Then G Is a critical DV graph. So by Theorem 2 . 3.6 G Is Isomorphic to 
one of Aj to A 
Interval graphs among Aj to Aj^, G Is Isomorphic to Ig(nfc2). 

Subcase 2 (b): G^ G2, G2 and GjjGg. Let Cj^ be a principal clique 

of Gj, 1 S 1 S 3 . Since G^Ig^, neither W(G2) £ W(Gj) nor W(G2) S WCG^). We 
claim that neither W(Gj) S W(G2) nor WCG^) £ W(G2). First note that either 
W(Gj) Is not a subset of W(G2) or WCG^) Is not a subset of W(G2), otherwise 
i 4(G,C2) will have at least four separated graphs, contradicting Theorem 
2 . 6 . 1 . Now wig, assume that W(Gj) £ W(G2). Let C'=W(G2) r\ ViG^), and 
G'=G-C'. Then G' =Gj-C' , ldls 3 are the separated graphs of G' w.r.t. C-C' 
s.t. Gj+-> G2 and Gj| G', 1 = 2 , 3 . So by Theorem 2 . 5 . 3 , G' Is not an interval 
graph. This contradicts the fact that G is a critical Interval graph. So 
our claim is true. So W(G^)'s are pair wise Incomparable. Hence C21 C2 
4 -* C3, and CJIC3. Let Xj € W(Gj)-W{G2), X2 € W(G2) n W(Gj), X3 € W(G2) n 
W(G3), x^ € W(G3)-W(G2). and y^ e C^-C, lais 3 . Then 


in Figure 2 . 3 . 3 . Since Ag and Ay are the only critical 
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G[{Xj,X2,X2iX^,yj,y2,y2}] is isomorphic to Ig(n= 2 ). Since Ig(n= 2 ) is a 
critical interval graph, G is isomorphic to Ig(n= 2 ) in this case. 

Subcase 2 (c): There is exactly one pair of antipodal subgraphs. 

Wig, G^, and G^ is attached to either Gj or to G^. Let be a 

principal clique of Gj^, l^i^S. If G^ ^ G^ and G^ a G^, then S(G,C2) will 
have at least four vertices as G^ will then have at least two relevant 
cliques, which contradicts Theorem 2 . 6 . 2 . So WCG^) S W(G^] u VCG^). 

Assume that W(G^} and Vf(G2) are comparable. If W(G^) S UCG^), then 
take C'=C2» otherwise take C'=Cj. Then ti(G,C' ) will have at least four 
vertices, which again contradicts Theorem 2 . 6 . 2 . So our assumption is 
wrong. Hence C2. If G^s G^, then as G^ does not dominate G2, G^*-^ G2, 

which is a contradiction. 

Now wig, assume that G^sG^. We claim that W(G2) n WtG^) =^. Assume 
that our claim is not true. So G2aG2 as G^ does not dominate G2, since 
GjtGg and Gj«-^2* ^o there exists C' in G^, s.t. | C', 1 * 1 , 2 . Then 
clearly C2 is a separating clique of G. Let G', G^, and G^ be the separated 
graphs of G w.r.t. C2 s.t. G' contains Y(Gj^)-W(Gj) , lsis 3 . Then clearly G' 
G2> G^ a G^i and G^jG^. So wig we can assume that our claim is true. 

So G2IG2. Since no separated graph is relevant, there exists a clique 
C' of Gj s.t. Cj iCg. we claim that C' is attached to C^. Assume GjjC2. Let 
C'=C-(W(Gj)nW(G2)), and G'=G-(W(Gj)nW(G2) ) . Then G'*Gj-C' is a separated 
subgraph of G' , lsi£ 3 , s.t. G' | G^, G^ j G^, and C' | W(G^). So G' is not 
am Interval graph, whence C' is attached to C2. 

Let X € C' r» C2, ye W(Gj)n U(G^), and z € W(G2)-W(Gj). Let Xj € 
Cj-Cj, and y^ e C^-C. Let be an x^-y shortest path in Gj-(C-y). Then 
clearly Pj is of length at least 2 . Let yj€C2-C. Let x',X2,y be a section 
of Pj. Let Zj e C^-C. Then G[{x,y,z,Zj,x' ,X2,yj}] is isomorphic to 12 - 
Since I2 is a critical interval graph, G is Isomorphic to I2 in this case. 
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Subcase 2(d): There is no pair of antipodal subgraphs. 

Let W(G^) be a maximal set. Since there exists no s.t. G^|Gj, and 
Gi|Gj^, 1 s i,J,ka3, Gj^mG^ and GjfcG^. Also Gj has at least two relevant 
cliques and C', where is a principal clique of G^. Then clearly G 
has at least four separated graphs w.r.t. the separating clique C^, which 
contradicts Theorem 2.6.1. 


So G must be Isomorphic to one of the graphs to Ig. Since we have 
taken a critical Interval graph, our Theorem is proved. | 

2.7 Forbidden Subgraphs For Proper Interval Graphs: 

In this section, we characterize proper Interval graphs in terms of 
separated graphs and then find out all the minimal forbidden subgraphs for 
proper interval graphs. 

A family F of intervals is said to be a proper interval 
representation, or P.I.R. , of a proper interval graph G if G is the 
Intersection graph of F, and no Interval in F properly contains another 
interval in F. For any Interval I=:[a,b], let L(I)=a and R(I)=b. For a 
collection of intervals F, let minCLCF))^ min{L(I) s.t. I e F}, and 
max(R(F) )=^ax{R(I) s.t. I e F>. 

Before presenting characterization of proper interval graphs, we first 
prove the following lemma. 


Lemma 2.7.1: Let C={v. ,v„ v } be a nonseparating clique of a proper 

Interval graph G s.t. S(G)aC * Let Xj={Vj, v^, . . . ,v^> be the subset of C 
s.t. Vj^ lies in exactly one clique of G, islsr. Let X2”^'^r+l’'^r+2’ * ’ ‘ ’'^t^ ^ 


C be s.t. Vj lies in exactly two cliques of G, r+1 a jat, and 
Xg=<v^^j, . . . ,Vg}. Then in any P.I.R. of G the intervals corresponding to 
the vertices of C occur consecutively. Furthermore, (i) there exists a 


P.I.R. of G satisfying the following: L(I ) < L(I )<....< L(I )<L(I ) 

''l ^2 s y 


for every y e V(G)-C, 
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(li) There Exists a P.I.R. satisfying the following: R(I ) < RCI^ ) < 

^ ''s 

R(I )<.... <R(I ), for every y e V(G)-C. 

'^s-l 

Proof: Let F={I , v e V(G) } be P.I.R. of a proper interval graph G. let p 
s 

€ n I .If possible, let y € V(G) s.t. L(I ) < L(I ) < L(I ) for some 
1=1 ''l "^i ^ J 

l.J. isi.jss. Then L(I ) < L(I ) < p, and R(I ) > R(I ) > p. So C u {y} 

y Vj y '^l 

is a clique of G, which contradicts the maximality of C. So the intervals 
corresponding to the vertices of C occur consecutively. Since C is not a 
separating clique of G, for every P.I.R. F of G, either L(F)=L({I^, veC}) 
or R(F)=R({Iy,v€C}). Let L(F)=L({I^,v e C}). Since each vertex of Xj lies 
in exactly one clique of G, we cam construct a P.I.R. Fj of G from F by 
interchanging the intervals if needed, satisfying the following: L(I ) < 

L(I )....<L(I ). Since each vertex of X„ lies in exactly two cliques of 

^2 "'r 

G, and the Intervals corresponding to the vertices of C occur 
consecutively, we cam construct a P.I.R. F 2 of G from F^ satisfying (i). 

We construct a P.I.R. F^ from F 2 as follows: 

Let a=Min(L(F 2 )). Wig, we take a=0. Let F^={ I' = [-d,-c], I=[c,d] e 

F 2 K Clearly F^ is a P.I.R. of G satisfying Lemma 2.7.1 (ii). 

If R(F)=R({I^,veC>), then wig, assume that L(F)=0. Now F"={r =[-d,-cl , 
where I=[c,d] e F). Then F' is a P.I.R.of G s.t. L(F')=L({I^, veC}). Now as 
above we can construct the required P.I.R.s.| 

Theorem 2.7.2: (Separator Theorem) Let G^,G 2 , . . . ,G^, ra2 be the separated 
graphs w.r.t. a separating clique C. Then G is a proper interval graph iff 

(i) each G^ is a proper Interval graph, 

(ii) If W(Gj) n W(G 2 ) * then W(Gj) u W(G 2 )= C, and there is exactly one 
clique in G^^ Intersecting W(Gj)nW(G 2 ), i=l,2, and 

(ill) r=2. 


Proof: Necessity: 
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(1) This follows from the fact that every induced subgraph of a proper 
interval graph is a proper interval graph. 

(il) If possible let there be and s.t. ^ * W(G^) n W(G 2 )> and W(G^) u 
W(G 2 ) * C. Let X € W(Gj) n W(G 2 ). Xj e C\(W(Gj) u W(G 2 )), Yj € C^\W(Gj), 
and 2j 6 C 2 \ W(G 2 ), where is a principal clique of Gj^, i=l,2. Let I^, 
I ,I ,I be the intervals corresponding to x, x, ,y, , and 2 ., 

Xj Yj 2j 111 

respectively in some P.I.R. F of G. Wig, R(I ) < L(I ) and R(I ) < 

Xi Yj Yj 

L(I ). Then aslnl Ini * ^ , 1 cl which contradicts the 

X X X 

fact that F is a P.I.R. of G. 

Suppose ^ * W(Gj) n W(G 2 ) and W(Gj) u W(G 2 )® C but there are two 
relevant cliques Cj and C' of Gj intersecting W(Gj) nW(G 2 ). Let Xj € Cj-C', 
and Yj € x € W(Gj) n W(G 2 ), and € C 2 -W(G 2 ), where C 2 is a 

relevant clique of G 2 . Now x is adjacent to all of x^, y^, and 2 ^, and 
is an independent set in G. So as above, G is not a proper 
interval graph. 

(ill) Suppose r fe 3. If W(Gj), W(G 2 ), and W(Gg) are pair wise disjoint, 
then by Theorem 2.5.3, G is not an interval graph, and hence not a proper 
interval graph. If W(Gj) S W(Gj) for 1 i i,J a 3, then WCG^) n W(Gj) * C 
which contradicts Theorem 2.7.2 (il). So W(Gj), W{G 2 ), and WtG^) are 
pairwise not incomparable, and W(Gj^) r> W(Gj) * 1 ^ i,J a 3. So G^, G 2 , 

and G^ are pairwise amtipodal. So by Theorem 2.5.3, G is not an interval 
graph, and hence not a proper Interval graph. 

Sufficiency: 

Assume that the separated graphs satisfy the conditions of Theorem 




68 


WtGg))* { Now C is not a separating clique of Gj^, i=l,2. 

Again C n Lemma 2.7.1, there is a P.I.R. of 

G satisfying the following: R(I ) < R(I ) < R(I ) <1(1 ) for every 

1 y ''l '^2 s 

y € V(Gj)-C. Again by Lemma 2.7.1, there is a P.I.R. of s.t. L{I^ ) < 

L(I ) < ...< L(I ) < L(I ) for every y e V(G_)“C. Wig, no intervals in F- 
"'Z ''s ^ ^ ^ 

intersect any ir terval in F,. Let 1,= L(I ) where I e F, , and r.®R(I ) 

where € F^. Let F 3 = ((FjUF 2 )-(I^ , v^e C}) u ( (I^ -[Ij.r^], v^€ C}). 

Then F^ is a P.I.R. of G, and hence G is a proper interval graph. 

Case 2: W(G^) n W(G 2 ) * 

Let X= <Vj.V 2 v^}= W(Gj)-W(G 2 ). Y= {v^^j v^>= WCG^) a W(G 2 ), 

and Z “'^'^t+l*'^t+2 '^s^' Lemma 2.7.1, there is a P.I.R. Fj of Gj 

satisfying the following: R(I ) < R(I ) < R(I )....< I (I ) for every y € 

y '^1 ''z '^s 

V(G. )-C. Again by Lemma 2.7.1, there is a P.I.R. F„ of G„ s.t. L(I ) < 

X b 

L(I ) < ...< L(I ) < L(I ) for every y € V(G,)-C. Wig, no intervals in F. 
^Z ^ ^ ‘ 

intersect any interval in F,. Let 1 ,= L(I ) where I 6 F. , and r.=R(I ) 

C, 1 Vj^ Vj^ 1 1 Vj 

where I^^ € F 2 . Let F^ ((FjUF 2 )-(I^ . v^e C>) u ( =[lj,rj^], v^e C}). 

Then F^ is a P.I.R. of G, and hence G is a proper interval graph. | 

Theorem 2.7.3: (Forbidden subgraph characterization ) A graph G is a proper 
interval graph iff G does nor contain any of the graphs in Figure 2.7.1 as 

aui induced subgraph. 

1 

Necessity: 

Clearly none of the graphs in Figure 2.7.1 is a proper interval graph. 
Sufficiency: 

Assume G is not a proper interval graph and every induced subgraph of 
G is a pro(>er interval graph. If G is not chordal then G is isomorphic to a 
C^, n fc 4, which is P^, as every proper induced subgraph of G is a proper 
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interval graph. Assume that G is chordal. Again it has a separating clique 
C. Let Gj,..., G^, r fe 2, be the separated graphs of G w.r.t. C. So Theorem 
2.7.2 will not be satisfied. If Theorem 2.7.2 (ii) is violated, then G will 
be isomorphic to P^, and if Theorem 2.7.2 (ill) is not true then G will be 
isomorphic to either or P^, as we have seen in the proof of the Theorem 
2. 7. 2. 1 

2.8 Forbidden Subgraphs for Chordal Planar Graphs: 

In this section we characterize chordal planar graphs following the 
framework of Monma and Wei [92] suid then present the forbidden subgraph 
characterization for this class. 

Let P be a planar representation of planar graph G. Let ex(P) denote 
the exterior face of P, and 5(f)={q e s.t. q e boundary of the face f}. 
Lemma 2.8.1: Let Gj and G 2 be two planar graphs. If either | VCG^^ )r>V(G 2 ) | = 
1 or V(Gj) ft W(G^) * with € ECGjlftECGg), then (G^vX; 2 ) is 

planar. 

Proof: Trivial. 

Let Gj,G 2 ,...,G^ be the separated graphs of G w.r.t. C. Let R(G,C) = { 
Gj s.t. |W(Gj)| 2: 3>. 

Theorem 2.8.2: (Separator Theorem) A chordal graph G is planar iff (i) each 
G^ is planar, and 

(ii) G^, G 2 e R(G,C) implies W(Gj) * W(G 2 ). 

Proof: Necessity: 

(i) This follows from the fact that every induced subgraph of a planar 
graph is .planar. 

(ii) Let <Vj,V 2 ,V 3 } £ W(Gj)=W(G 2 ) for 0^,0^ e R(G,C). Let Xj e C^-C, where 
Cj, is a principal clique of Gj^, 1=1,2 and x^ e C-W(Gj), then 
G[{Vj , V 2 , V 2 ,Xj,X 2 ,X 2 }] is nonplanar as it contains ^ 

Gj,G 2 € R(G,C) implies W(Gj) W(G 2 ). 


as a subgraph. So 
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Sufficiency: 

Assvune that the conditions of the theorem are satisfied. Me claim that 
G is planar. Since each is planar, |C| s 4 . If |C| ^ 3 , then 

G=(GjUG 2U. . .vX;^)= (GjUG^u. ..ocp, where G'=(Gj-(C-W(G^) ) . Again |W(G^)|s 2 . 
So by repeated applications of Lemma 2 . 8 . 1 , G is planar. So let |C|» 4 . Let 
C={Vj,V2,V2,v^}. Wig, assume that |R(G,C )|»4 and R(G,C)={Gj,G2,G2,G^>. 
Assume that W(Gj^)=C-{Vj^}, l^is 4 . Let Pj be a planar representation of 
s.t. the faces fj,f2,and f^ are interior faces, where ^VjV2,V2V2.V2Vj}, 

^^1^2’'^2'^4’'^4'^1^’ ^^l'^3’^3^4’^4'^l^ boundaries of ^3' 

respectively. Let P2. P^* said P^ be some planar representations of G2-V2, 

G3-V3, auid s.t. '^'^i'^2’'^2'^4''^4'^l^' ^''^1^2’'^2^3’'^3'^1^ 

are the boundaries of the exterior faces of P2, P^ and P^, respectively. 

Now construct a planar representation P' of G^^ from P^^ by suitably 

expending fj, f2, and f^ s.t. 6 (f^)= 3 (ex(P^) , 6(f2)=3(ex(p2) , and 

6(f2)=5(ex(P^) . Then (P'uP2uP2uP^) is a planar representation of 
G' = (GjUG2V<]i2uG^). Now G=G'u( uG^u. ..uG^), where G' = (G^-(C-W(G^)), Ssiar. 
Since |U(G^]|s 2 , by Lemma 2 . 8 . 1 , G is planar. | 

Theorem 2 . 8 . 3 : A graph G is chordal planar iff it contains none of the 
graphs in Figure 2 . 8.1 as an induced subgraph. 

Proof: Clearly, each of the graphs in Figure 2 . 8.1 is chordal but not 

planar. So we prove the sufficiency. Let G be a graph s.t. each of its 

induced subgraphs is chordal planar but G is not. If G is not chordal, by 
the minimality of G, G will be isomorphic to a C^, n& 4 , which is D^. Assxune 

that G is chordal. If G has no separating clique, then G must be isomorphic 

to a Dj. If G has a separating clique, then as in the proof of Theorem 

2 . 8 . 2 , G will be isomorphic to D2 of Figure 2 . 8 . l.| 
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2.9 A Parallel Recognition Algorithm for Chordal Planar Graphs: 

In this section we propose an NC algorithm to recognize chordal planar 
graphs in parallel. This cem be done by the following two steps. 

Step 1: Test whether the input graph G is chordal. 

Step 2: Test whether the graph G is planar. 

If the answer to both Step 1 auid Step 2 are yes, then G is chordal 
planar, otherwise not. 

The first parallel chordal graph recognition algorithm is due to 

Edenbrandt[37] , which runs in O(log n) time and uses 0(n\) processors on a 

CRCW PRAM. Chandrasekhareui et al [21] improved Edenbrandt’s result by 

proposing an O(log n) time and 0(n*) processors chordal graph recognition 

algorithm on a CRCW PRAM. Noar et al [95] then suggested an O(log^n) time 

and O(n^) processors CREW PRAM chordal graph recognition algorithm, which 

can be Implemented in O(log n) time and using O(n^) processors on a CRCW 

PRAM amd hence an improvement over Chamdrasekharan et al [21] ’s result. 

P. Klein [80] presented various algorithms including am 0{log^n) amd 0(n+m) 

chordal graph recognition algorithm. This algorithm is close to optimal by 
2 

a factor of log n. So Step 1 can be implemented in parallel. 

Similarly there are several parallel planarity algorithms ( see [75] , 
[81], and [106]). The algorithm due to Ramachandran et al [106] is optimal. 

So Chordal planar graphs cam be recognized in 0(log n) time using 0(n) 
processors on a CRCW PRAM, as m=0(n) for a planar graph, and the complexity 
of the chordality testing dominates that of the planarity testing. 

In this section we show that chordal planar graphs admit good 
structural characterization which is suitable for parallel computation. 

The following Theorem whose proof follows from Theorem 2.8.3 is the 
back bone of our chordal planar graph recognition algorithm. 
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Theorem 2.9.1: A chordal graph G is planar Iff (1) |C|s4 for every clique C 
of G, and (11) there exist no separated graphs Gj^ and Gj w. r.t. any 
separating clique C of G s.t. W(Gj^)=W(Gj) , and |W(Gj)|=3. 

Next we present the Chordal Planarity Test Algorithm. 

Algo Chordal Planarity Test: 

Input: A Graph G. 

Output: "yes" if G is chordal and planar, "no" otherwise. 

Method: 

Begin 

Step 1: Test, in parallel, whether G is chordal; 

If G is not chordal then Output "No" ; 

Step 2: Find the set S={ C s.t. C is a maximal clique of G 

s.t. |C|i4}; Let S={Cj,C 2 Cj^>; 

Step 3; For all i:=l to k Do in parallel 

r 

Begin 

If |C^|> 4 Then output "MO"; 

(* let C.={v ,v ,v ,v, >*); 

1 2 3 4 

If is not a separating clique Then 

B[l]=l 

Else 

Let be the connected components 

of G-C^; 

For isj^k and lss£4 Do in parallel 
A[J,s]:=0; 

For J=1 to 4 Do in parallel 

For each v e N(v. ) Do in parallel 

J 

If V € V(H^) Then Att,J]:=l; 

For J;=l to r Do in parallel 



75 


4 

D[l]:* E A[i,J]; 

If either (1) D[i]=3 for at least four i's or 
A[i,J]=Att,J] for lsja4, and Dli]=3 Then 
B[i]:*0 
Else B[i]:=l; 

End; 

k 

Step 4: If Then output "Yes", otherwise output 

1*1 

"No"; 

END. 

Theorem 2.9.2: Algo Chordal Planarity Test Is correct and It takes O(log^n) 
time and 0(n +nm) processors on a CRCU PRAM. 

Proof: The correctness of Algo Chordal Planarity Test follows from Theorem 
2.9.1. 

step 1 amd Step 2 can be Implemented In O(log n) time and using 0(n+m) 
processors on a CRCU PRAM using P.Kleln^s Algorithm (see[80]). Since the 
connectivity and connected components of a disconnected graph can be found 
out In Odogn] time and 0(n+m) processors on a CRCU PRAM ( see [121,131]),- 
step 3 can be Implemented In O(log n) time amd using 0(n -i-nm) processors, 
because k a n, for a chordal graphC see [57]). Step 4 can be Implemented In 
OClog n) time and using 0(n) processors (see [55] ) . So our Theorem Is 
proved.! 

Next we show that Planar k-trees cam be recognized In O(log^n) time 
and using 0(n ) processors on a CRCU PRAM. 

This can be done by testing whether the given graph is chordal planar 
and then testing whether it is a k-tree. The only parallel k-trees 
recognition algorithm is due to Chandrasekharan et al [21] which runs in 
O(log n) time and uses O(n^) processors on a CRCU PRAM. However, below we 
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present a new characterization of K~trees which can be used to recognize 
k-trees in linear sequential time euid in O(log n ) parallel time using 
0(n+m) processors on a CRGd PRAM. 

Theorem 2.9.3: A connected chordal graph G is a k-tree iff it has exactly 
(n-k) maximal cliques each of size (k+1). 

Proof: Necessity: 

Let G be a k-tree on n vertices, and let a=(v, ,v_ v ) be a PEO of 

G. Let N(Vj^,a)-({Vj s.t. e E(G) and i<J}u{Vj^}). It is easy to check 
that N{Vj^,a), N(v 2 .a), • • . ,N(v^_j^,a) are the only maximal cliques of G. 
Furthermore, each maximal clique is of size (k+1). 

Sufficiency: 

We prove by induction on n, the number of vertices of G. Since G has a 
clique of size (k+1), nak+1. For n=k+l, our Theorem is easily seen to be 
true. Let G have n vertices. Let v be a simpllcial vertex of G. Now 
N(v)»j{v} is a maximal clique of G. So deg(v)=k. Let G'=G-v. Now G' 
satisfies the assumption of our Theorem. So by induction principle, G' is a 
k-tree, whence G is a k-tree.| 

Since (i) connectedness of a graph can be tested in 0(n+m) sequential 
time [54] ( in O(logn) time and using 0(n+m) processors on a CRCW PRAM 
[121,131]), (li) chordal graphs can be recognized in 0(n+m) sequential 
tlme[57, 114, 129] , ( in O(log^n) time aind 0(n+ffl) processors on a CRCW PRAM 
[80]), (iii) The set of maximal cliques of a chordal graphs can be computed 
in O(n-i-n) sequential time [49,57] ( in O(log^n) time and 0(n+m) processors 
on a CRCW PRAM [80]), and (iv) j: (|C|, C e C(G)) » 0(n+m) for a chordal 
graph G, the condition of Theorem 2.9.3 can be tested in 0(n+m) sequential 
time( in 0(log n) time and O(n-i-m) processors on a CRCW PRAM ), whence 
k-trees can be recognized in 0(n+m) sequential time( in O(log^n) time and 
0(n+m) processors on a CRCW PRAM ) using the Theorem 2.9.2. So Planar 
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2 2 

k-trees can be recognized In O(log n) time and 0(n ) processors on a CRCW 
PRAM, as ffl =0(n) for planr graph. 

2.10 Forbidden Subgraphs For RDV Graphs: 

As we have seen in this chapter that to implement our approach to 
find forbidden subgraphs for RDV graphs, we need the separator Theorem for 
RDV graphs. Unfortunately, the "if" part of the Theorem 1.3.14, the 
separator Theorem for RDV graphs due to Monma and Wei [92], is not correct. 
The incorectness of the "if" part is shown in the following Proposition. 
Proposition 2.10.1: The separated graphs Gj,G 2 ,G 2 , and G^ of G w.r.t. C 
satisfy the necessary conditions of Theorem 1.3.14(c), but G is not an RDV 
graph, where G,Gj,G 2 ,Ci^,G^, and C are as in Figure 2.10.1. 

Proof: Color G^ and G^ by the color 1, and G^, and G^ by color 2. Clearly 
the separated graphs satisfy all the necessary conditions of Theorem 
1.3.14(c). 

Next we claim that G is not an RDV graph. Since the tree T in Figure 
2.10.1 is the imlque UV clique tree for G, 2 e (CjnC 2 nCgnC) , and 5 € 
(CnC^r^C^nCg) there is no RDV clique tree for G, because for every RDV 
clique tree T' for G, TM{Cj,C, C 2 ,C 2 }] and TM{Cg,C,C 2 ,C^}] will be 
directed paths of T' and the tree T" obtained from T' by Ignoring the 
direction is isomorphic to the tree T in Figure 2.10.1. So G is not an RDV 
graph. I 

We below present the separator Theorem for RDV graphs which is a 
modification of Theorem 1.3.14(c). 

Theorem 2.10.2: G is an RDV graph iff the G's can be two-colored such that 
no auitipodal pairs have the same color, and that in one color every 
subgraph has an RDV clique tree rooted at C, and that in the other color no 
two subgraphs are imattached, and that no two relevant cliques are 
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vinattached, and every subgraph ( with one possible exception) has an RDV 
clique tree rooted at a relevant clique. The exceptional subgraph, should 
It exit, is dominated by every other subgraph of the same color, and it has 
an RDV clique tree In which the vertex C has out degree zero. 

Proof: Necessity: 

Let T be any RDV clique tree for G. If C Is the root of T, then color 
all the subgraphs with color one and It Is easy to see that the 
satisfy our Theorem. So assume that C Is not the root of T. Color a 
separated graph by color 1 if It lies In an out going branch w.r.t. C 
otherwise color It by color 2. Note that antipodal graphs receive different 

colors In the above coloring. 

• » 

Let T be the subtree of T rooted at C. Then T is an RDV clique tree 

« * 

for G where G = vj {G^ s.t. is colored 1}. For every subgraph Gj^ having 

color 1, an RDV clique tree Tj^ rooted at C can be easily constructed from 

« 

T . Next, we consider the graphs having color 2. 

The vertices corresponding to the relevauit cliques form a contiguous 

part of the path from the root to C. Hence no two relevant cliques are 

« 

iinattached, and so no two separated graphs are unattached. Let be the 

relevant cliques of Gj^ that is closest to the root. Let T^ be the subtree 

of T rooted at . From Tj^ it is easy to construct in the same way as in 

» • 

color 1, an RDV clique tree Tj^ for Gj^ rooted at . The only p>osslble 
exception is the subgraph containing the root clique, say G^. Note that 
exception occurs exactly when the root clique Is not a relevauit clique. In 

this case Gj^ Is dominated by every other separated graphs having color 2 

* 

and the tree Tj^ obtained from T by removing T is an RDV tree for G'. A 
Clique tree for G' with C as a leaf can be easily derived. 
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Sufficiency: 

Let the separated graphs be colored in two colors, say color 1 and 
color 2, satisfying the conditions of our theorem. The RDV clique trees 
rooted at C for the subgraphs with color 1 can be glued together by the 

following construction rule to form an RDV clique tree T’ rooted at C 

» • 

for the subgraph G , where G = u G, and S.={i s.t. G, is given color 1}. 

1 6 ^ ^ 

Rule Rj: We will suggest a recursive construction rule. Since no two 

separated graphs having color 1 are antipodal, by Proposition 1.3.13, 
Gj’s,l e Sj can be ordered such that Gj^ > Gj implies 1< J. Let G^, G^, . . . , 
G^ be this ordering. Let be the RDV clique tree for G^^ u G^ u ...u G^^ 

rooted at C. If is unattached to every Gj, is j s i, then merge the 

root C of the clique tree of with the root C of to form 

Otherwise let k be the largest index s.t. Gj^ fe ®i+l’ ^k ^ clique 

of G^ which is farthest from C and which dominates every relevant cliques 
of Now merge the root of the clique tree of with and call 

the new vertex Cj^. The tree so obtained is T^*^. It is easy to see that 
T^*^ is an RDV clique tree for G^u G^ u. ..u G^^j. 

In the RDV clique tree for each subgraph of the color 2, relevant 
cliques form the path from the root to the clique C. Hence these trees can 
be glued together by the same method to construct a clique tree T“ rooted 
at a relevant clique. The clique tree of the exceptional subgraph can be 
glued with T" to form an RDV clique tree 1' " in which C is a leaf. Then T' 
and T'" can be glued at the clique C to obtain an RDV clique tree T for 

GJ 

Note that the above characterization of RDV graphs is existential in 
the sense that neither it tells exactly when a non separating clique of an 
RDV graph Gj^ is the root of some RDV clique tree for G^ nor it tells the 
way to obtain the two coloring satisfying the theorem. To find out minimal 
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forbidden subgraphs using the above theorem the first step would be to know 
the structure of the separated graphs satisfying the conditions of the 
above theorem. We present some results along this line. 

Let C" be a separating clique of an RDV graph G, and ^^>^2 

the separated graphs of G w.r.t. C" . Then we have the following Lemma whose 
proof follows from Theorem 2.10.2. 

Lenna 2.10.3: G has an RDV tree T rooted at C“ iff (i) each G^ has an RDV 
tree rooted at C" and (il) there exists no antipodal subgraphs w.r.t. C" . 

Given an RDV graph G and an arbitrary clique C of G, to know whether G 
has an RDV tree rooted at C, in view of the above lemma it is enough to 
consider the clique C to be a nonseparating clique of G. 

Let C' be a separating clique and C be a nonseparating clique of G, 
Let Sj(G, C' )® { Gj^ s.t. Gj^ has an RDV tree rooted at a relevant clique and 
every relevant clique dominates every relevant clique of G- , where G^ is 
the separated graph containing the clique C }. Let S_(G,C')» S -{ S, (G,C') 
® ^ separated graphs w.r.t. C' . If no confusion 

arises, we denote Sj^(G, C' ) by S^, 1 = 1, 2. 

Property P: The set of separated graphs of G w.r.t. a separating clique C' 
satisfy the property P if there exists no odd length path in :4(G,C') 
between two vertices of S^- 

In the following Lemma we auiswer when can an arbitrary non-separating 
clique C of an RDV graph G be the root of an RDV tree for G. 

Lenma 2.10.4: Let G be an RDV graph and C be a non-separating clique of G. 
Then G has an RDV tree T rooted at C iff for every separating clique C' of 
G the separated graphs w.r.t. C' satisfy the Property P. 

Proof : Necessity: 

Let C' be any separating clique of G. Since G is an RDV graph having 
an RDV tree T rooted at C, the separated graphs are two colored satisfying 



the Theorem 2.10.2 and receives the color 2. Since every separated graph 
in S 2 receives color 1, there does not exist any odd length path in j 4CG,C') 
between auiy two members of S 2 as j 4(G,C') is two colored in such a way that 
G^ receives the color 2. Hence S satisfies the Property P. 

Sufficiency: 

Let C' be any separating clique of G and S be the set of separated 

graphs. Let H 2 be the connected components of «<(G,C'). Note 

that each is bipartite and hence two colorable. Since there Is no odd 
length path in «tf(G,C') between any two members of S 21 W(G,C') ceui be two 
colored in such a way that every G^ in S 2 receives color 1 and G^ receives 
color 2. Now an RDV tree T rooted at C can be constructed for G following 
the rule given in the proof of Theorem 2.10.2.| 

The exceptional graph in the Theorem 2.10.2 is required to have an RDV 
tree with root other than C. 

If a non-separating clique C of an RDV graph G is the root of every 
RDV clique tree for G, then we show below that G admits some nice 
structure. 

Lemma 2.10.5: Let a non-separating clique C of am RDV graph G be the root 
of every RDV tree T for G, and G be a minimal graph containing C w.r.t. the 
above property. Then there exists a separating clique C of G s.t. G will 
have exactly three separated graphs, say G^, G 2 , and G^ , where G^ is the 
separated graph of G containing C, s.t. GjjG 2 , and G 2 <=^q. P roof: 

Let T be any RDV clique tree of G rooted at C. Let C be the vertex of T 

closest to C s.t. deg(C') = r, r>2. Clearly C' is a separating clique of G. 

• • 

Take C =C' . We claim that C is the required separating clique of G. Let G^, 

» 

be the separated graphs of G w.r.t. C containing C. Since G is a minimal 

« 

graph, the path from C to C is the RDV clique tree for G^. Again no two 
separated graphs other than G^ are antipodal. Since G is a minimal graph. 
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each branch of T at C corresponds to exactly one separated graph. Since 

» 

has an ROV clique tree rooted at C , there exists a separated graph, say 
antipodal to G^. Again all the separated graphs except G^ are pair wise 

unattached. If no G^^ other than Gj is antipodal to G^,, then G-G^ u { C } 

» 

has an ROV clique tree rooted at C . Since G^ has an RDV clique tree rooted 

» » 

at C , these trees can be glued to form an RDV clique tree T rooted at C 

for G, which is a contradiction. Hence there exists another separated 

graph other than G^, say Q^, which is 2 mtipodal to G^,. Then G^., Gj^ and 

» 

are the only separated graphs w.r.t. the separating clique C as G is a 
minimal graph. Now Gj| G^ and Gj^ <=» G^,, 1 = 1, 2. This completes the proof 
of the Lemma. I 

Using the above mentioned results we can find some forbidden subgraphs 
for RDV graphs. But we are iinable to find all the forbidden subgraphs for 
RDV graphs, and strongly feel that our results can be used to find all the 
forbidden subgraphs for RDV graphs. 
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CHAPTER 3 

INTERSECTION GRAPHS OF DISJOINT PATHS IN A TREE 

3. 1 Introduction: 

In this chapter we study the Intersection graphs of edge-disJoint 
paths in a tree, i.e. CV-graphs and the Intersection graphs of vertex 
disjoint paths in a tree, i.e. PV-graphs. 

We first present several characterizations of CV-graphs, including the 
forbidden subgraph characterization. We present a sequential linear tine 
algorithm as well as a parallel NC algorithm for recognizing CV-graphs and 
for constructing a CV clique tree for a CV-graph. Our parallel algorithm 
runs in O(log n) time and uses 0(n-4-m] processors on a CRCW FflAM. 

We next show that the characterization of PV-graphs due to samy et al 
[115] is not correct. We characterize PV-graphs following the framework of 
Monma and Wei [92], and then find out minimal forbidden subgraphs for this 
class following the framework introduced in the last chapter. Finally we 
present a polynomial algorithm for recognizing and for constructing a 
PV-clique tree for a PV-graph. 

3.2 Characterizations of CV-graphs: 

Clearly block graphs are a subclass of chordal graphs. Since various 
subclasses of chordal graphs admit characterizations in terms of 
intersection graphs of subtrees in a tree with specified properties, it is 
natural to ask whether block graphs admit such characterization. On the 
other hand it is natural to ask, looking at the existing literature, what 
is the class of intersection graphs of edge disjoint paths in a tree. In 
this section we show that block graphs are exactly the intersection graphs 
of edge disjoint paths in a tree. 



We present below several characterizations of CV graphs. 

Theorem 3.2.1: For any graph G the following are equivalent. 

(a) G is the intersection graph of a family F of edge disjoint paths in 
some tree 

(b) G is the intersection graph of a family F of edge disjoint subtrees of 
some tree 

(c) There exists a tree J with V (J) = QiG) s.t. F * v € V > is 

an edge disjoint family of paths of J- 

(d) G contains neither nor C^, n a 4 as eui induced subgraph. 

(e) G is a block graph. 

(f) |C(G)| = |B(G)|. 

A tree J satisfying (c) is called a CV clique tree for G. 

Proof: (c) (a) and (a) (b) are trivial. 

(b) (e): Since by [67, p 27], any two vertices in a nontrivial block, 

i.e. a biconnected component, lie on a common cycle, to show the existence 
of a block graph, it suffices to prove that any two vertices on a cycle are 
adjacent . 

Let Sj, S 2 ,...,S^ be edge disjoint subtrees of a tree that form a 
cycle in G. If every two of them intersect, then by the Kelly property of 
vertex paths [57] they share a common vertex and hence form a clique. Thus 

suppose some two are disjoint, say Sj and Sj^. Since Sj,S 2 are in 

J 2 . there is a unique shortest path from S^ to Sj^ in ® edge 

on this path. Deletion of e splits the tree into two components with Sj in 
one part and S, in the other. Now S, , u S, Lf. . .u S is connected and 
Joins Sj^ to Sj. Hence this union must contain the edge e. Again S^^ u S 2 u 
...u Sj^ is connected and contains the edge e. Hence two different subtrees 
in the cycle must pass through e, a contradiction. 

(e) >♦ (d) : Trivial. 
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(d) (e) : Again we need only to show that any two vertices on a cycle are 

adjacent. We prove by induction on the length k of the cycle. If k = 4, 
then the cycle contains a chord. Since it cannot be K^-e, the other chord 
must also be there as well, so it is complete. Now if k > 4, let v and w be 
any two vertices of the cycle. The cycle has a chord which breaks it into 
two smaller cycles, which by induction are complete. Thus if v and w are in 
the same smaller part, they are adjacent. If not, let y and z be the ends 
of the chord. Then v, w, y, z form a tmless v and w are adjacent. 

(e) ^ (c) ; 

Let G be a block graph. We use induction on k, the number of blocks 
of G, to prove that G has a CV clique tree T. If k = 1, we take T = Kj with 
V(T)={V(G)}. Assume that our claim is true for all block graphs having k or 
fewer blocks. Let G be a block graph having k+1 blocks. Let C be a boundary 
block of G, i.e. a block containing exactly one cut vertex of G. Let y be 
the unique cut vertex of G s.t. ye C. Let G's<j[V-(C - {y})]. Clearly G^ is 
a block graph with exactly k blocks. So by induction hypothesis, G' has a 
CV clique tree f' • Let iKy) be the path corresponding to y in J' and C' be 
an end vertex of IKy). Construct the tree J from by taking a new vertex 
and labeling it by C and making it adjacent to C' only. We now show that 

the resulting tree J is a CV clique tree for G. Let v e V(G). If v C, 

then n(v) is a path in J' , so a path in J. If v 6 C -{y}, then JC 
{C} , which is a path in J. If v ® y, then is a path in J by the 

construction of J from T" • Hence f “(TtCy). v e V} is a family of paths in 
T- Let u, V € V(G). Now iTCCy) ^ TfCyM = 1 if u and v both belong to C 

I TC Cy) ^ Tt CyJ| ^ i otherwise. Hence F is a family of edge 

disjoint paths in 7^ whence J is a CV clique tree for G. 

(e) ■* (f) 

This follows from the fact that every maximal clique of G lies ir 
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exactly one block of G and each block of G Is complete. 

(f) (e) 

We prove this by induction on k, where ks:|B(G)|* If lc=l, then as 

|CfG) | = |B(G) 1=1. G is complete, euid hence a block graph. Assume that every 

graph G with |C(G) | = |B(G) | , |B(G)| < k is a block graph. Let G be s.t. 

|C(G) | = |B(G) I , and jB(G)|=k. Let v be a cut vertex of G, and 

Gj=G[{Vj^u<v}}] , where Isisr, rfc2 be the connected components of 

G. For every graph H, we have |C(H) |fejB(H) | . Therefore, |C(G, ) |fc|BCG, ) | , 

r r 

isiar. Since |C(G) |=E|C(G, ) | = |BCG) | =E|BtG.)j. lCtG,)| = |BtG,)|, isiar. 

i*l i=l ^ ^ ^ 

So by induction hypothesis each G^^ is a block graph. Since V(Gj^) n V(Gj)* 
{v>, Isi^jsr, G is a block graph. | 

Let G be a CV graph and C be a separating clique of G. Let Gj^s= 
G[ Vj, u C], 1 s i s r, r fc 2, be the separated subgraphs. 

Proposition 3.2.2: U(G^) is a singleton set, 1 s i r. 

Proof: Clearly, U(G^) is non empty. If | W(G^) | a 2, then it is easy to 
show that Gj^ contains - e as an induced subgraph, a contradiction to the 
fact that G is a block graph. | 

Now the characterization of CV graphs due to Samy et al [34] becomes a 
corollary to our Theorem 3.2.1. 

Corollary 3.2.3: G is a CV graph iff each separated subgraph is a CV graph. 
Proof: Necessity is trivial. For sufficiency, let each separated subgraph 
Gj^, is is r, be a CV graph. So by Theorem 3.2.1, each G^^ is a block graph. 
Again by Proposition 3.2.2, each U(G^) is a singleton set. Hence G is a 
block graph. So by Theorem 3.2.1, G is a CV graph. | 

3.3 Recognition Algorithm for CV-graphs: 

We now suggest a linear time algorithm to recognize a CV graph and to 
construct an intersection model if the graph is a CV graph. 
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Algorithm Test: 

INPUT: A graph G = (V,E) In adjacency list representation. 

OUTPUT: ’No’ if G is not a CV graph. Otherwise a CV clique tree J for G. 

METHOD: 

BEGIN 
STEP 
STEP 

STEP 

STEP 

STEP 


END. 

Theorem 3.3.1: Algorithm Test is correct. 

Proof: The correctness of recognition part follows from Theorem 3.2.1. We 
claim that the graph J constructed by the Algorithm Test is a CV clique 
tree for G, if G is a CV graph. 

If G is a block graph, then a vertex is a cut vertex iff it lies in 

more than one clique. Again it is an easy exercise to show that the number 

of blocks of a connected graph G is equal to 1 + £ ( b(v) - 1), where 

V €V 

b(v) is the number of blocks of G containing v. Hence T has ( ~ 

edges. Now J is acyclic since j r> s 1 for a block graph G. 

Hence J is a tree. Again P={ TfCy^^)], v € V } is a family of paths by the 






1 : If G is not a block graph, then output ’NO’ . 

2 : Find all cliques of G. Let Cj, C^, . . . , C^ be 

the cliques of G. 

3 : Find the set { C. , C, C, } of cliques 

1 2 r. 


containing v^^, 1 s i s n. 


4: T:=T(Vq,Eq), where V^ is the set of all cliques of G and 

V 

5: For i:= 1 to n do 

T:= T(Vj.Ej), where Vj» V^ and 

E ,= E, .u ■( G G, , 1 s j s r.-l} if r, > 1 else E, : = 

J J+1 

^i-l* 
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construction of J. By Theorem 3.2.1, G Is a block graph. Let x and y be In 

V. If X and y belong to the same block of G, then 

X y 

otherwise | C (G) n H (G)| = 0. Therefore, |TtC^fG)] n TIC„(G)]| s 1 and 
X y X y 

hence, F Is a family of edge disjoint paths In J. Thus, X is a CV clique 

tree for G. So Algorithm Test Is correct. | 

The following shows that Algorithm Test runs in 0(n+m) time. 

Theorem 3.3.2: Algorithm Test runs In 0(n+m) time. 

Proof: For step 1, first we test whether G is chordal. If G Is not chordal, 

then G is not a block graph. Then we find the blconnected components of G. 

By Theorem 3.2.1 (f), G Is a block graph iff |C(G) | = |B(G) | . Since, as 

mentioned earlier, chordal graphs can be recognized in linear 

time[57, 114, 129] and maximal cliques of a chordal graphs can be computed in 

r 

0(n+m) tlme[49]. Step 1 takes 0(n+m) time. Since £ |G, |= 0(m + n) and r 

1=1 ^ 

=0(n], other steps of Algorithm Test can be implemented In linear time. So 
Algorithm Test takes 0(n+m) time.| 

In view of the above discussion we have the following theorem. 

Theorem 3.3.3: CV graphs can be recognized in linear time; and for 
a CV graph a CV clique tree can be constructed in linear time. 

We now show how Algorithm Test can be implemented In 0(log n) time and 
in 0(n+m) processors on a CRCW PRAM. 

The recognition of chordal graphs and finding the maximal clique of 
chordal graphs can be done in OClog n) time and in 0(n+m) processors [80] . 
Again blconnected components of a general graph can be found out in O(logn) 
time and in 0(n+m) processors [121,131]. So Algorithm Test can be 
implemented in O(log^n) time and in 0(n+m) processors, as in Step 1 of 
Theorem 3.3.2. Sridhar et al [124] also presents a parallel recognition 
algorithm of block graphs in same time and processor bound. Now Step 2 can 

2 r 

also be done 0(log n) time and in 0(n+m) processors [80] . Since £ |G. | = 
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0(m+n), using the sorting algorithm of Cole[28], step 3 can be implemented 

in Odog n) time and in 0(n+m) processors. Let be the set of cliques 

containing For each compute a path using the cliques of S^. 

n 

Define J as V(T)= and E(T)= w P. • Since £ |S, |=0(n), this takes 0(n) 

^ 1=1 ^ 

2 

processors and no more than 0(log n) time. So we have the following 
Theorem. 

Theorem 3.3.4: CV graphs can be recognized and for a CV graph an 
Intersection model can be constructed in O(log^n) time and in 0(n+m) 
processors on a CRCW PRAM. 

3.4 Characterization of PV-Graphs: 

In this section we show that the characterization of PV-graphs due to 
Sarny et al [115] is not correct. We then present a characterization of 
PV-graphs following the framework of Monma and Wei [92], 

First we characterizes PV-graphs in terms of clique trees. 

Theorem 3.4.1: A graph G is a PV graph iff there exists a tree T with V(T) 

= CfG) s.t. F ={T[Cy(G)], V e V(G) } is a family of vertex disjoint 
paths in T. 

We call a tree satisfying Theorem 3.4.1 a PV clique tree for G. The 
proof of the above theorem goes in the same line as that of [92, Theorem 1 
(b)]. 

Proof of Theorem 3.4.1: 

Given a tree T and a family F of vertex disjoint paths in T, it can 
be easily seen that G is the intersection graph of F, and hence a PV graph. 
Conversely, let G be a PV graph, and let (T,F) be a PV representation for 
G, where T has the smallest possible number of vertices. Every vertex of T 
corresponds to a set S £ V s.t. G[S] is a complete subgraph of G. We claim 
that there is a one to one correspondence between the vertices of T and the 
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cliques of G, Now by Kelly property of vertex paths [57], there is a vertex 
in T corresponding to every clique in G. Suppose there are two distinct 
vertices v^ and V2 in T which correspond in G to and S2, respectively, 
where Sj c 82* Let v^ be the vertex next to v^ in the Vj — V2 path in T, and 
be the vertex set of V corresF>onding to v^- It is easy to see that c 
Sg, Construct a new tree T’ from T by coalescing v^ and v^ euid eliminating 
the edge between them. Any path in F that contains v^ necessarily 
contains v^. Therefore, T’ is a PV clique tree for G with less number of 
vertices than that of T, which is contrary to our assumption on T. 
Therefore the vertices of T correspond to distinct cliques of G, and T 
is a clique tree for G.| 

Since every PV graph is chordal, throughout this section we let G be a 
chordal graph, C be a separating clique of G, Euid Gj^= G[V^ u C] , 1 s i ^ r, 
r a 2 be the separated subgraphs. 

Sarny et al [115] Introduced the notion of PV-graphs. There, they 
proved the following results. 

Proposition 3.4.2: [115] If G is a PV graph, then 

(a) The intersection of any three cliques of G is at most a singleton set. 

(b) There does not exist more than one pair of antipodal subgraphs w.r.t. 
any separating clique C of G. 

Theorem 3.4.3: [115] ( Separator theorem for PV graphs ) 

Let C be a separating clique of G and G^, G2 ,...,G^, r fc 2 be the 
separated graphs of G w.r.t. C. Then G is a PV graph iff 

(a) Each Gj^ls a PV graph, 

(b) There does not exist more than one pair of amtlpodal subgraphs w.r.t. C, 
and 

(c) If G^ dominates Gj, then ^ singleton set and there is exactly 

one relevant clique in Gj^ intersecting W(Gj) \ W(Gj) and there does not 
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exist a pair of antipodal cliques w.r.t. any relevant clique of Gj^. 

The following Proposition shows that Theorem 3.4.3 is not correct. 
Proposition 3.4.4: The graph G of Figure 3.4.1 is a PV-graph, but the 
separated graphs G^ and G 2 of G w.r.t. C given in Figure 3.4.1 do not 
satisfy Theorem 3.4.3 (c). Moreover, the graph Hg of Figure 3.5.4 is not a 
PV-graph, but the separated graphs of Hg w.r.t. any separating clique of Hg 
satisfy all the conditions of Theorem 3.4.3. 

Proof : 

Clearly, G is a PV-graph as it is the Intersection graph of the 

following collection of pair wise vertex disjoint paths in T: 

^ ‘^0* C-Cj-...-C^, C^-C^, Cg-Cg,..., >. Now G^ > Gg 

and each of the cliques C, , C_ C Intersects v and v e W(G, )-W(G.,) . So 

1 z n 1 z 

Theorem 3.4.3(c) is not true. Note also that the separated graphs of the 
graph Hg in Figure 3.5.4 w.r.t. any separating clique satisfy all the 
conditions of Theorem 4.3.3, but Hg is not a PV-graph ( This will be shoim 
in Section 3.5).| 

Next we preset some concepts and prove some results on PV-graphs. 

Let G be a PV-graph and T be a PV-clique tree for G. For v eV, let 
Tr(v) be the path corresponding to v in T. Define a function I.j. from C(G) to 
{0,1} by I.j,(C) = 1 if C is an internal vertex of a path ttCv) for some v € 
V(G). Otherwise I.j.(C)®0. 

As the proposition 3.4.2 will be used in our main result, we supply 
its proof for the sake of completeness. 

Proof of Proposition 3.4.2: 

(a) Let T be a PV-clique tree for G. Assume that there are three 
cliques C^, C^, and Cg s.t. |Cj n Cg n Cg j fe 2. Let {v,w} S n Cg a Cg. 
.Since 11 (v) and it(w) are paths in T containing three common vertices C^, 
Cg, and Cg, one of C^, Cg, and Cg will be an internal vertex of both the 
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paths, thus contradicting to the fact that T is a PV-clique tree for G.| 

Before proving Proposition 3.4.2(b), we prove certain results on 
PV-graphs . 

Proposition 3.4.5: Let G be a PV-graph. Then G has a pair (Gj,G2) of 
antipodal subgraphs w. r.t. a separating clique C iff there exist in 
and in G^ s.t. C2 w.r.t. C. 

Proof; Sufficiency follows from the definition of antipodal subgraphs. 
Necessity: Since Gj is antipodal to G2, |W(Gj^)| fc 2 for i =1,2. Let be 
some principal clique of G^, is 1 s 2. Now |Cj r\ C2I ^ 1. By Proposition 
3.4.2(a), |Cj n C2 n C I s 1. So I C n Cj n C2 I = 1. Hence C2.I 
Proposition 3.4.6: Let G be a PV-graph. If Gj <-♦ G2 w.r.t. C, then the 
subtrees corresponding to Gj and G2 lie in different branches of C in any 
PV-clique tree T for G. 

Proof: Assume that there is a PV-clique tree T for G s.t. the subtrees 
corresponding to Gj and G2 lie in same branch of C. Since Gj^«=>» G2, there 
exist, by Proposition 4.3.5, in Gj and C2 in G2 s.t. C2. Let v € 

^1^ ^2 ^ path it(v) in T contains C, C^, and C2. Wig, let lie 

in the unique path from C to C2 in T. Let w 6 iC^r\ C)-Cj. Now ir(w) contains 
C and C2 but not C^, which is impossible because the unique path from C to 
C2 passes through C^. Hence a contradiction arises. | 

Next we prove Proposition 3.4.2(b). 

Proof of Proposition 3.4.2(b): 

Let Gj^<=»G 2 and G24=»G^. Let T be a PV-clique tree for G. 

Case I: There exist i and j s.t. 1 * i < J ^ 4. 

Wig let G2=G^. So Gj«=»G 2 and G2<=>G2. So by Proposition 3.4.5 there 
exists € Gj^, lsis3, s.t. Cj«-*C2 and C2|Cj,then let x € n 

C2 n Cg, and y e C2 r» r» C. Since x ^ y. Now, by Proposition 3.4.6, 

the subtrees corresponding to Gj and G2 lie in different branches of C in 



T. So C will be an Internal vertex of the path ir(x). Similarly, C will be an 
Internal vertex of the path ii(y), a contradiction. So assume that is 
attached to C^. Since, by Proposition 3.4.2(a), jC^ n Cj n Cj si for all 
i.J. Isl<js3, Cj<=»C2. So Hence by Proposition 3.4.6, the subtrees 

corresponding to G^, G^, and G^ lie in three different branches of C in T. 
If X € Cj r» C2 n Cg, then it{x) will not be a path in T. This contradicts 
the fact that G is a PV-graph. So CjnC2nC^= Let x e Cj n C2 n C, and y e 
C n C2 n Cg- So X * y. Now ii(x) and ir{y) contain C as an internal vertex, a 
contradiction ! 

Case II: Gj, G2, G^, and G^ are all distinct. 

If Gg is attached to Gj, i=l,2, then G3<=»Gi. as |W(Gj) n W(Gj)|al for 
all i,J, 1 s 1 < J s 4 and |W(Gj)|2a for all 1, 1 s is4. So Gj«->G2 and 
G2«-»G2 . As this reduces to Case I, assume that G^|Gj and G2|G2. Similarly, 
G^|Gj and G^|G2. Let x € W(Gj)nW(G2), and y e WCG^) a W(G^). So x * y. 
Since, by Proposition 3.4.6, the subtrees corresponding to Gj and G2 lie in 
different branches of C in T, C will be an internal vertex of the path 
ii(x). Similarly, C will be an Internal vertex of the path i[(y). This 
contradicts the fact that G is a PV-graph. | 

Proposition 3.4.7: If G is a PV-graph, then each Gj= GiVj u C] is a 
PV-graph with a clique tree Tj having C as a leaf vertex. 

Proof: Let T be a PV-clique tree for G; we will construct a PV-clique tree 
Tj for each Gj. Let it(Vj) be the subgraph of T consisting of vertices 
traversed by paths corresponding to the vertices in Vj. Since G[Vjl is 

connected, so is ii(Vj). There is a unique path it* = C, Cj C^ in T s.t. 

Cj,...,C^_j < it(Vj), and C^ € ir(Vj). Construct Tj by augmenting it(Vj) by a 
new vertex C and adding a new edge C C^. Then Tj is a PV-clique tree for 
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In the tree T, let it(Cj,Cj) denote the path from to Cj. Observe 
that and Cj are on the same brauichC w.r.t. root C) iff C n(Cj^,Cj). 
Proposition 3.4.8: No contains antipodal cliques (w.r.t. C). 

Proof: By proposition 3.4.7, each Gj is a PV-graph which has a clique tree 
with C as a leaf. Suppose that a subgraph contains cliques and C^, 
where € 2 - Let xeCCjNC^lnC, y 6 (C 2 \Cj)nC, and z€(CjnC 2 nC). The path n[z) 

in contains the cliques C.Cj, and C 2 . If lies in between C and C 2 in 
the path ii(z), then the path n(y) contains both C and C 2 , and hence, must 
contain But y *6 Cj, which is a contradiction. If C 2 lies in between C 
and in the path n(z), then the path n(x) produces a similar 

contradiction. I 

Proposition 3.4.9: Let T be any PV clique tree for G. Let C' and C" be two 
cliques on the same branch of C. If C' and C" are attached, then either C' 
€ ir(C,C“) or C" e ir(C,C'). Furthermore, If C'>C", then C'e ir(C, C" ) . 
Proof: Let xeC'n C"nC. Since C' and C" lie in the same branch of C, either 
C'eir(C,C") or C"eit(C,C"). Now let C'>C". If C"eir(C,C" ) , then C”en(y) for y 
€((C'\C“)nC). So C'>C" implies C'e it(C,C").| 

Proposition 3.4.10: If C' e it(C,C''), then C' ^ C" . 

Proof: For every x e CnC" , we have C'e ir(C.C") S it(x), hence xeC' . So 
C'aC‘'.| 

Proposition 3.4.11: Let C' and C" be two relevant cliques of a subgraph Gj^, 
then every clique in ii(C',C“) is in G^^. 

Proof: Let x e C'\C and y e C"\C. Then there is a path P (consisting of 
vertices) in G[V^] connecting x and y. Let ii(P) be the union of all paths 
(consisting of edges) in T corresponding to the members of P. So it(C',C“) £ 
ir(P). Every clique in it(C',C") contains some vertex of Vj^, hence is in 
Gj^, because vertices from different subgraphs are nonadJacent.| 

A separated graph G is said to be incompatible w.r.t. a vertex v e 
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W(Gj^) if for every PV-cllque tree Tj for Gj^, 1^ CCj^) = 1, where C Is an 

end vertex of the path ir(v) In Tj^. A pair (G^,Gj) is said to be an 
incompatible pair If |W(Gj^) n W(Gj)|*l, and either (1) G^^ > Gj and Gj^ is 
incompatible w.r.t. Vj, or (2) G^ ~ Gj and Gj^ and Gj are incompatible 
w.r.t. Vj, where {Vj}=(W(G^) r\ W(Gj)). 

Proposition 3.4.12: Let G be a PV-graph. Then the subtrees corresponding to 
an Incompatible pair (Gj^.Gj) lie in different branches of C in any 
PV-clique tree T for G. 

Proof: Let T be a PV-clique tree for G and (Gj^.Gj) be an incompatible pair 
w.r.t. C. Assume that the subtrees corresponding to G^^ and Gj lie in the 
same branch of C in T. Construct T^. and Tj from T as in Proposition 3.4.7. 
Let W(Gj) n W(Gj). We consider two cases separately. 

Case 1 : G^ ^ Gj . 

Let Cj^?* C be an end vertex of w(Vj) in Tj^. Since (Gj^.Gj) is an 
incompatible pair, (Cj)=l. Since, by proposition 3.4.9, Cj^€it(C,Cj) , 

where is a relevant clique of Gj, is an internal vertex of the path 
it(Vj) in T. So I.j.(Cj^) a 2. But this contradicts the fact that T is a PV 
-clique tree for G. 

Case 2: G^^ ~ ^j' 

By Proposition 3.4.9, either C'e ir(C,C") or C" € ii(C,C'), where C' and 
C" are any principal clique of G^ and Gj, respectively. Wig, let C' e 
n(C,C“). Then, using the similar argument as in case 1, we can show that 
^T^^i^ a 2, where is as in case 1. Hence the Proposition is proved. | 

For any separated graph Gj^, let D(Gj^)= {Gj s.t. G^^ > Gj}. Define a 
relation R on D(Gj^) by Gj R G', for Gj, G' e D(Gj^), iff Gj ~ G^. Note 
that R is an equivalence relation on D(G^). Let N(D(G^)) denote the number 
of equivalence classes of D(Gj^) under the relation R. 

Next We present some necessary conditions for a PV-graph G. 
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Proposition 3.4.13: For a PV graph G, the following conditions hold: 

(1) For every G^, N(D(Gj^)) s 2. 

(2) N(D(G^)) = 2 for at most one separated graph G^. 

(3) Let Gj^> Gj. Then W(Gj) is a singleton set, and there is no incompatible 

pair (G' G',) s.t. G' G', e D(G,) and W(G', ) W(G,). 

i J 1 J i i J 

(4) If N(D(Gj^)) = 2, then there does not exist an incompatible pair (GJ^, 
Gj) of separated graphs. 

Proof: (1) Suppose there exists some G^^ s.t. N(D(G^)) s 3. Let Gj, Gj, Gj € 
D(G^) be s.t. <Vj}=W(Gj), {v'} = W(G'), and {vj> = W(Gp. So Vj, v'. and v" 
are all distinct. Since C and lie on each of the paths it(Vj), ir(Vj), and 
ir(Vj) of length two or more, either C or will be an internal vertex of 
at least two of them. 

C2) Suppose there exist G^ s.t. N(D(Gj)) * 2, is is2. Let G', Gj" e D(Gj) 
and Gg, G 2 " e ^^2 '^3 * where {v^} = W(Gj), {V 2 }= 

W(G”), ■{v 2 }= WCG^), and {v^} = w(Gp. We consider two cases separately. 

Case 1: There exist i auid J , lsi<js4, s.t. Vj^=Vj. 

Wig, let ^ 2 ’^ 3 ‘ ^2 some principal cliques of G^ and G 2 

respectively. Now |W(Gj^) nW(G 2 )| 2 S 1. Otherwise, the intersection of C, C^, 
and C 2 will contain at least two vertices, a contradiction to Proposition 
3.4.2(a). Since V 2 = v^, G 2 . Let T be a PV-clique tree for G. So C will 

be an internal vertex of the path w(v 2 ). Again Cj or C 2 will be an internal 
vertex of the path ii(v 2 ). Wig, let Cj be am Internal vertex of the path 
ii(v 2 ). Now either C or Cj will be an internal vertex of the path ii(Vj), 
since ir(Vj) contains C, Cj, and C', where C' is a principal clique of Gj, 
and Cj> Cj. So either I.p(C) fc 2 or Ij(Cj) ^ 2, a contradiction to the fact 
that T is a PV-clique tree for G. 

Case 2: Vj, V 2 , v^. and v^ are all distinct. 

Let T be a PV-clique tree for G. Then it(Vj) amd »r(v 2 ) will contain C 

A 
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and Cj , where Cj is a principal clique of Gj. Since each of ir(Vj) and wtVg) 
contains at least three vertices of T, C will be an Internal vertex of 
either ii(Vj) or w(v 2 ). By a similar argument C will be an Internal vertex 
of either wtv^) or it(v^). So I^(C)s 2, a contradiction. 

(3) Let Gj > Gj. Let Cj^and Cj be some principal cliques of G^ and Gj, 

respectively. If is not a singleton set, then the intersection of C, 

Cj, and Cj will contain at least three vertices, a contradiction to 
Proposition 3.4.2(a). Assume that there exists an incompatible pair ( G', 
G^) s.t. G^, G^ e D(G^), and v' * Vj, where {v^ = W(G^) and ( Vj} = W(Gj}. 
Since by Proposition 3.4.12, the subtrees corresponding to an incompatible 
pair lie in different branches of C, C will be an internal vertex of ii(vp. 
Since, Cj > C' and Cj > Cj, where C' and Cj are principal cliques of Gj and 
Gj, respectively, Cj is an Internal vertex of it(vp. Since Cj > Cj, either 
C or Cj will be an internal vertex of ®(Vj). Then either 1^.(0 fe 2 or 
It(Ci) fe 2, which is not true for a PV-clique tree T for G. 

(4) Let T be a PV-clique tree for G. Let Gj > G2, Gj > G^. and X2 * 
where {x 2 }=W(G 2 ), and {X 2 }»W(G 2 ). Assume that (G^,Gg) is an Incompatible 
pair and {x^>=W(G^) n W(Gg). 

Case 1: x^ ^ X 2 , and x^ * x^. 

Then by Proposition 3.4.12, C will be an internal vertex of ir(x^). 
Again C will be an internal vertex of either it(x 2 ) or itCx^). So a 
contradiction arises. 

Case 2: Either x^ = X 2 or x^ = x^. 

Ulg, x^sx 2 . If G^~Gg, then this case reduces to Proposition 3.4.13(3). 
Assume that G^ > Gg. Then, by Propositions 3.4.12 and 3.4.9, C and Cj will 
be internal vertices of ir(x^), where Cj is a principal clique of Gj. Again 
either C or Cj will be an internal vertex of ^(Xg), a contradiction. | 
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Leoma 3 . 4 . 14 : A collection of pair wise non-antlpodal , pair wise 
non-lncompatible separated subgraphs can be arranged In such a way that 
either > Gj, or Gj^~ Gj and Gj is Incompatible w.r.t. Xj, where 
W(Gj}, then 1 < J. 

Proof: If there are no Gj^~ then by Proposition 1.4.13, we are 

through. If there are congruent subgraphs Gj~ Gj, We take one subgraph from 
each congruence class, arrange them using Proposition 1.4.13 eind obtain a 
sequence a. Since there is no incompatible pair of separated graphs, 
there is at most one graph G^ in a congruence class such that G^^ is 
Incompatible w.r.t. x^, where {Xj^}= W(Gj). So each congruence class can be 
arranged as stated in the lemma. We replace each element Gj^ of the 
sequence a by the sequence of the congruence class corresponding to G' and 
obtain the sequence ^, which is a desired arrangement. | 

Now we characterize PV-graphs in terms of separated subgraphs. 

Theorem 3.4.15: (Separator Theorem for PV graphs ) 

Let G be a chordal graph and G^, G^ G^, r a 2 be the separated 

graphs of G w.r.t. a separating clique C. Then G is a PV graph iff 
(i) Each Gjis a PV graph, 

(li) The intersection of any three cliques of G is at most a singleton set, 

(iii) There exists at most one pair of antipodal subgraphs w.r.t. C, 

(iv) All the conditions of Proposition 4.3.13 are true, 

(v) If there exists a pair (G^^, G^) of antipodal subgraphs w.r.t. C 

relevant to a vertex v, then the following conditions hold: 

(a) There exists no Incompatible pair {Gj^,Gj) s.t. W(Gj) * {v}. 

(b) There exist no Gj^, Gj and Gj^ s.t. Gj^ > Gj and Gj^ > Gj^ s.t. v, Vj, and 

Vj^ are all distinct, where W(Gj) and 

(vi) There do not exist two pairs of incompatible pair of separated graphs. 
Proof: Necessity: (1) follows from Proposition 3.4.7. 
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(11) and (111) follow from Proposition 3.4.2. 

(Iv) follows from Proposition 3.4.13. 

(v) Assxime that there exists a pair ( Gj, G 2 ) of antipodal separated graphs 

w.r.t. C relevant to v. Let T be a PV-cllque tree for G. By Proposition 
3.4.6, the subtrees corresponding to G^and G 2 lie in different branches of 
C In T. So C is an Internal vertex of the path n(w) in T. If (a) Is not 
true, then by Proposition 3.4.12, C will be an Internal vertex of the path 
n(Vj), where {Vj}*W(Gj). So I.j,(C)fc2, which Is a contradiction. Assume that 
(b) is not true. Let Cj^,Cj, and C' be some principal cliques of Gj^, Gj and 
Gj, respectively. Since and Cj^>Cj, will be an internal vertex of 

one of the paths "(Vj) and «(Vj), say of ii(Vj). Again or C will be an 
internal vertex of the path wCv'). So either I.j.(C) fc 2 or Ij(Cj^) fe 2, which 
is a contradiction. 

(vi) Assume that (vi) is not true. Let T be a PV-clique tree for G. By 

proposition 3.4.12, the subtrees corresponding to an incompatible pair (Gj^, 

G.) lie in different branches of C in T. If there exist G. ,G., and G, s.t. 
J i’ j’ k 

they are pair wise congruent, and pair wise incompatible, then w(v) is not 
a path in T, where v e W(Gj^); a contradiction to the fact that G is a 
PV-graph. In other cases it can be seen easily that C will be an internal 
vertex of more than one path; a contradiction. 

Sufficiency: 

Let X = {Gj,G 2 ,G 2 , . . . ,G^} be the separated subgraphs. By assumption 

there is at most one pair of antipodal subgraphs. 

Case 1: There is one antipodal pair, say ( G^ , G 2 ). 

Let Y={G, s.t. G, fc G.} and Z=X -Y. Now Y and Z are collection of 

separated graphs satisfying the assumption of Lemma 3.4.14. Let '{G', G^, 

Gg G' } and { G^, G^, G 2 ,...,G''} be arrangements of Z and Y according 

1 2 

to lemma 3.4.14. We now give a method to construct a tree for the 
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collection Z and a tree Tgfor the collection Y and combine these two 
trees suitably to obtain a PV clique tree T for G . 

Let T' be a PV clique tree for G', 1 i 1 i tj s.t. If (1) either Gj^ > 
Gj, or G' ~ Gj and 1 < J, and (11) If Is an end vertex of the path 
it(Vj), where {Vj} * W(Gj) n W(Gj), then (C^) = 0. We construct Tj 

(k-1) 

Iteratively . Let be the tree obtained from T', T',..., k s 

(k) 

t. We construct Tj as follows : 

If |W(G|^)| fc 2, then merge the leaf vertex C of with the vertex C 
of to obtain . Let \(G' ) = { v^}. 

Subcase 1(a): G^ Is not dominated by any one of G^, G^ ^k-1’ 

(k-1 ) 

Then merge the leaf vertex C of with the vertex C of Tj to 
obtain 

Subcase 1(b): G|^ Is dominated by some Gj. J < k. 

(k-1) / 

Let C' be an end vertex in the path «(v^) In the tree , s.t. C' 

(k— 1 ) 

* C. Merge the leaf vertex C of with the vertex C' of Tj , call the 

new vertex C' and the resulting tree Tj. 

For the collection Y, Subcase 1(a) will not occur. Construct a tree 
^2 

for u G" using the similar procedure as above. 

1=2 ^ 

Now merge the vertex C of Tj and the vertex C of Tg to obtain the tree 
T. 

Case 2: There is no pair of antipodal subgraphs w.r.t. C. 

Subcase 2(c): Either there exist an incompatible pair (G^. Gj), or there 

exist G^. Gj, and G^ s.t. G^ > Gj. G^ > G^. and W(Gj)*W(G'). 

Let Y = X - ( G^}. Now Y satisfies the hypothesis of lemma 3.4.14. 

Let G*, G* ,G* b® arrangement of Y according to lemma 3.4.14. 

1*2’ t 

Construct a tree T^ for the collection Y using the technique as in case I. 
Let T" be a tree for Gj^. Now merge the leaf vertex C of T^ with the vertex 

C of Tj to obtain T. 
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Subcase 2(d): Subc&sc 2(c) is noi true* 

Let G', Gg G^ be an ordering of the separated graphs of G 

according to the Lemma 3.4.14. Construct a tree T for this ordering using 
the technique as in case 1. 


Next we prove that the tree T so obtained is a PV-clique tree for G. 

We consider case 1 and case 2 separately. 

Assume that case 1 is true. To show that the tree Tj is a PV-cllque 

tree for u G' , it is enough to show that Is a PV-clique tree for 

1 , 1=1 ^ 

^ (k-1) ^~1 

u G' , if T is a PV-clique tree for u G' If |W(G')| fe 2, then by the 

i=l 1=1 1 K 


ordering of X, and by (li) of Theorem 3.4.15, is not attached to any of 

the separated graphs GJ^, 1 s i s k-1. If is not attached to any of the 

separated graphs G', Isis k-1, then we merge the leaf vertex C of T^ to 

the vertex C of to obtain tJ^'^ So I ,,,,(C') s 1 for all C' 6 

1 1 _ (k) 


C( u G'). Let WtC') = { v'} and let G|^ be attached to some separated graph. 
i=l^ 

Let i be the largest index such that G' is attached to G|^, Isis k-1. Now 

either G1 > G/ or G'.~ G.' . So C' , so chosen in subcase Kb) of case 1, must 
1 k i k 

belong to T1 . Now according to the choice of T' , I_, (C' ) = 0. Since 

1 1 li 

(k-1) 

Condition (v) (b) is true, I Since T^ and T^^ are 

PV-clique trees for G' and u G', respectively T. is a PV-clique tree 

, i=l 

k 

for u G' . 

‘2 

Similarly, T- is a PV-clique tree for u G,". Since G.«-i» G^, and 

2 i=l 

|W(Gj) r» W(G 2 )| = 1, Ij(C) s 1. Again 1.^. (C) = 0 and I.j. (0=0. If 

1 2 

possible, let I.j.(C) > 1. Let C be an internal vertex to a path ii(w), w * 
V. Then there exist separated graphs G' and Gj s.t. w 6 W(G') n W(Gp. 
Since G t G" W(GO n W(G 2 ) * So by the construction of Y, G^ G 2 . 
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So G^=G^ . So w = V, a contradiction. Hence I.j.(C) * 1. Thus T is a 
PV-clique tree for G. 

We next consider case 2. Assume that Subcase(c) Is true. Since 

Proposition 3.4.13 (3) and (4) are true, and T. is constructed as in the 

^ t , 

construction of the T, in case 1, T, is a PV-cllque tree for u G. . Now in 

11 i*l 

» 

both Tj and Tj^, C is a leaf vertex, since |W(Gj)| =1, C will be an internal 
vertex of the path in T, where {Vj}=W(Gj). So I.j.(C) « 1. Hence T is a 

PV-cllque tree for G. 

In subcase 2(d), the tree T is constructed following the technique for 
the construction of the Tj in case 1. So the tree T constructed in this 
subcase is a PV-clique tree for G. So G is a PV-graph.J 
3.5 Forbidden Subgraph C3iaracierization of PV graphs: 

In this section we provide the forbidden subgraph characterization for 
PV-graphs. To this end we need some lemmas. 

Lemna 3.5.1: Let G^ be a separated graph of a chordal graph G w.r.t. C s.t. 
Gj is a PV-graph. Then G^ is Incompatible w.r.t. v, v € W(Gj) iff at least 
one of the following conditions holds. 

(1) There exists a pair CC', C") of antipodal cliques w.r.t. a relevant 
clique Cj of Gj containing v, relevant to a vertex v. (2) There exists 
a separated graph G'^ w.r.t. a relevant clique of G^ containing v s.t. 

N(D(G')) = 2. 

(3) There exists an incompatible pair (G', G^ of separated graphs w.r.t. a 
relevant clique of containing v s.t. v' * v. 

Proof; Necessity; 

Let Tj be a PV-clique tree for G^, and Cj ^ C be an end vertex of the 
path ir(v) in Tj. Since Gj is incompatible w.r.t v, I.j.^(Cj)*l. So Cj is a 

separating clique of G^. If possible, let none of the conditions (1), (2), 
and (3) of Umma 3.5.1 hold for Cj. Since the intersection of any three 
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cliques of Is a singleton set, there does not exist a pair (G', Gp of 
antipodal separated graphs w.r.t. C^, because condition (1) does not hold. 
So the collection of all separated graphs w.r.t. Cj satisfies the condition 
of Lemma 3.4.14. Now as in Case 1 of the sufficiency of Theorem 3.4.15, we 
can construct a PV-cllque tree T* s.t. I • (cp = 0. This is a 

1 Tj 1 

contradiction as Gj is incompatible w.r.t. v. So at least one of the 
conditions (1), (2), and (3) holds. 

Sufficiency: 

Let Tj be any PV-clique tree for G^ s.t. Cj C is an end vertex of 

n(v) in Tj. If (1) holds, then by Proposition 3.4.8, and belong to 

two different separated graphs. So if (1) holds, then by Proposition 3.4.6 

I.p (C. )=1. If (2) holds, then as in the proof of Lemma 3.4.13(2), 
1 

I- (C )=1. If (3) holds, then by Proposition 3.4.12, I (C )= 1. So G. is 

1 n 

incompatible w.r. t. v.| 

Let Gj be incompatible w.r.t. v, v € W(Gj^). Let Tj^ be a PV-clique tree 

for Gj^ and Cj^ C be an end vertex of the path ii(v) in Tj^. So clearly 

I._ (C ) » 1. Define depth( G, ,v) = 1 if either (i) there exists a pair of 
^i ^ 

antipodal cliques w.r.t. Cj^ relevant to a vertex v^ s.t. Vj^* v, or (il) for 
the separated graph G' w.r.t. containing C, N(D(Gp)=l, or there exists 
a separated graph G' w.r.t. s.t. N(D(Gp)=2. Suppose depth(Gj^,v) >1. 
Then by Lemma 3.5.1 there exists an incompatible pair (G^ G') w.r.t. Cj^. 
Let W(Gp n W(G') = {v'}. If G' > G', then depth(Gj,v)= l+depth( G^, Vj); 
otherwise, depth(Gj,v)* 1 + Max.{ depth(Gj <lepih(Gj»Vj) }•. 

Let (G.,G,) be an incompatible pair w.r.t. C. Then heightC G.,G,)® 
depth(Gj,Vj) if otherwise, height (Gj^,Gj)= max{ depth(Gj^,Vj) , 

depth (Gj,Vj)}, where W(Gj^) n W(Gj). 

Let yy = {Hs.t. Hisa minimal forbidden subgraph for PV-graph }. 
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{H € ?y, and H has a separating clique C s.t. if (G^. G2) is any 
incompatible pair w.r.t. C, then heightCG^.G^) = 1 
Bma 3.5.2. The intersection of any three cliques in a chordal graph G is 

at most a singleton set iff G does not contain H^and in Figure 3.5.1 as 
Induced subgraphs. 

Proof: Necessity: 

possible, let G contain H^) as an induced subgraph. Let Cj, 
C^. and C3 be any ordering .of the oll,ries of Let CJ.C', and be 

some ollquea of G containing C,, c^. and C3 of Hj( H^). respectively. Now 

|Cj n Cg A Cg I s 2, as I Cj A CgA | s 2, contrary to our assumption. 
Sufficiency: 


If possible, let Cj, C^. and C3 be in G s.t. (C^a C 3I fc 2. Let x, 
y 6 Cj A C2 A C3. 

Case 1; There exists an ordering, say ( C, , C , C. ) s.t. (C, a C ) 

1 ^2 ^3 h ^2 

Vic A C, ) = C. . 

^3 ^2 ^2 


By the maxlmality of C. there exist x. e C. - C, and x' e C -(C u 

^2 ^ ^2 S 1 i i 

Cj^ ) s.t. XjX' « E(G). Similarly there exist x- e C, - C, and x' € 

3 ^ h ^ 

^13’^^^ ^ ^^12^ V2 ^ 1. Xj * X2. X'X2 6 E(G), and 

x^Xi € E(G). Now x'x^tf E(G), otherwise x',X2,Xj^,x^ will form a chordless 
4-cycle in the chordal graph G. Now G'=G[{x,y,Xj,X2,x' ,x^}] is isomorphic 
to H2. 

Case 2: There is no ordering (C , C, , C. ) of C , C-, and C_ s.t. (C. a 

il 13 ^3 • ^ 3 ij 

C ) u (C. A C. ) = C. . 

^2 ^2 3 ^2 


If possible, let (Cj v C2)- C3 induce a complete subgraph of G. Now 
(CjA C3) * (C2 A C3), otherwise (C^ v C^) will induce a complete subgraph 
of G, a contradiction to the maxlmality of C^. Let x^ € (C^a C3)-(C2 r\ C3) 
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and X2 « (C2 r\ C^) - (c^ n C^). So there exist e C^-C^ and y2 € C^-Cg 
s.t. x^y^ E(G) and X2y2 < E(G). Since (Cj u C2)-C2 Induces a complete 
subgraph, ^f'^^l»yj*X2.y2H Is a chordless 4 -cycle of G, a contradiction. So 
(Cl u C2)-C2 does not Induce a complete subgraph. Let VjC C1-C2 and e 
^2~^1 there exists z € s.t. z Vj « E(G) and 

ZV2 < E(G), then GI{ x,y,Vi,V2,z}] is isomorphic to Hj. Assume that for 
every z € either zVj € E(G) or ZV2 € E(G). Due to the maximallty of 

there exist and Z2 in s.t. ZjVi 4 E(G) and Z2V2 4 E(G). Then Z1V2 € 
E(G), 22'^! ® E(G), and G[{x,y,Vi,V2,Zi,Z2>l is isomorphic to H2. 

Hence the Intersection of any three cliques in G is at most a 
singleton set.| 

Lenma 3 . 5 . 3 : Let G be a chordal graph free from Hi and H2. Then an Induced 
subgraph of G has two pairs of antipodal subgraphs w.r.t. some 
separating clique C, iff G contains one of H_, H., H_ and H, in Figure 
3 . 5.1 as an Induced subgraph. 

Proof; Sxifficiency: 

It is easy to verify that each of the graphs in Figure 3 . 5.1 has two 
pairs of antipodal subgraphs w.r.t. a separating clique. 

Necessity: 

Wig, G has two pairs of antipodal subgraphs w.r.t a separating 
clique C. 

Case 1 ; There exist pair wise antipodal subgraphs Gi* G2, G^. 


Now, by Proposition 3 . 4 . 5 , there exists Ci in Gi, i=l, 2 , 3 s.t. Ci 4 =» 



When I Cl n C2 o C3 I = 1 , let Ci n C2 n {x}, and let {x,yi> c 

C^r\ C be s.t. yi 4 Cj, with i J and is i.js 3. Let Xi be in Ci\ C, 1 s i 

s 3. Then G [ { X, Xi, X2. X3, y, yi* y3 > ] is Isomorphic to H^. If 

1 C A C A C-l = 0 , let X, y. z, Xi, X2. and x^ be in Ci a C2. C2 a C^, 

3 
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Cg n Cj, Cj \ C, Cg \ C and C ^ \ C, respectively. Then G x, y, z, 
Xj, x^, 5^3 is Isomorphic to H^. 

Case 2: There exist G^, G^, and G^ satisfying Gj 4 -» G^, G^ «=» G^, but G^ is 
not antipodal to G^. 

By Proposition 3.4.5, there exists Cj^ in Gj^, i=l, 2,3 s.t. C^, 

Cg but is not antipodal to C^. As G Is free from Hj and we have 

Cz n Cg * ICjH Cz) = 1 and \C^ =1. Taking v e Cj n Cz* w 6 n 

C 3 , {v.v'} c C n Cz. {w.w'} c C n C 3 , Xj In Cj \ C, 1 s i s 3, we get G 
[{Xj.Xz.x^.v, v' , w, w'}] which is isomorphic to Hg. 

Case 3: There exist Gy G^, G^, and G^ all distinct s.t. Gj<=^ Gz 
and ^ 

By Proposition 3.4.5, there exists Cj^ in Gj^, i=l,2,3,4 s.t.Cj 4 => Cz and 
C^ C^. Now G being free from and Hz* we have jCj^n Cz| “ 1 and 
Is Si “ “ S ^ S’ “ S S’ yO c C 3 n C, { 

X, x'> c Cj n C, { X, x" } c Cz n C,{ y , y“ > c C^ n C, and Zj e 

Cj, \ C, i= 1, 2, 3, 4. Then G[{x, x' , x”, y, y' . y” , 2j» * 2 ’ S’ 

is isomorphic to Hg.§ 

If 3.5.4; Let Gj be a separated graph of G w.r.t. C s.t. G^ is a 

PV-graph, Gj is incompatible w.r.t. v, v e W(Gj), and depthCG^.v) - 1. Then 
the following holds. 

(a) If |W(Gj)| =1, then Gj-(C-W(G^)) contains a subgraph isomorphic to one 

of the graphs H' of Figure 3.5.2. 

(b) If lW(Gj)| 2 . then G^- (C -W(Gj)) contains a subgraph isomorphic to 
one of the graphs to in Figure 3.5.2. 

Proof; 

Let Tj be a PV-clique tree for G^, and x(v)= C,Cj C^. Let be 

the separated graph of G^ w.r.t. C^ containing C. Let Vj € Cj n Cj^j s.t. 
V * V. 1 S i-1. Now depth{Gj,v)=l. So at least one of the following 
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three cases holds. 


Case 1: There exists a pair (C^, C'p of antipodal cliques w.r.t.Cj^. 

Assume that |W(Gj)| fc 2. Let w e W(Gj)-v. 

If there exists a relevant clique of G^ other than that Intersects 

W(Gj)-v, then i=l, as Tj is a PV-cllque tree for G^. Wig, Let w lie in a 

relevant clique of G^ other than C^. Let n(w)= C,C^,C^, clearly 

Cj is a separating clique of Gj, and (C, C^) is a pair of antipodal cliques 

w.r.t. Cj relevant to v^^. Let -Cj, and € (C^ n )-W(Gj). Then 

G[{v,w,Wj^, W 2 ,}] is isomorphic to Hg. So assxime that there is no relevant 

cliques of Gj other than that intersects W(G^)-v. 

Now because of Proposition 3.4.8, auid Cj^" lie in different 

separated graphs of G^ w.r.t. Cj,. If G' contains one of C' and C*^. say C' , 

then C' must be the principal clique of G'. So C'= Now choose Vj^_j 

s.t. € (C^_jn n cp. Let y^ € ((C^n cp - WCG^). and y 2 € C^. 

Then G[{v.w,Vj,V 2 ,..., Vl’yi’^2^^ isomorphic to H'. If G' contains 

neither C' nor C", then clearly, C' and C" are unattached to 

otherwise, iC^_y C'), where wig, C'^ is attached to C^_j, is an antipodal 

pair w.r.t. C^. let y^ e (C^n C^- C'^, 72 ® C’p-C^, ® n n 

C"), w € C'-C , W.J € C'.'-C.. Then G[{v,w,Wj,W 2 ,Vj,V 2 

i*l ii 2 ii 

is isomorphic to 


Now assume that |W(Gj)|-l. 

As above C' and CJ lie In different separated graphs of Gj w.r.t. C^. 
If GJ contains one of CJ and CJ. say C', then CJ nust be the principal 
Clique of G^. So Let y € y^ 6 n C", y 2 € ((C^n 

cp - W(Gi)), and y 3 a C,- (C,“ n C,). Then G[{v.y.y,,y 2 ,y 3 >] is 
isomorphic to H'. If G' contains neither q nor C^", then let y^ € (C^n 

Cp- C^". y2 e CC^n y3 « t ^ ^i ^ ^l“^’ ^4 ® ^i“^i’ ^5 ® 

Then G[{v. yity^.yg. y4.y5>l i-omorphic to H' . 
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Case 2: There exists a separated graph G' w.r.t. s.t. N(D(Gp)=2. 

Let G' > G', and G' > G^" be s.t. Vj“ , where { 

<Vj"}= W(Gj"). Let Vj e C^-C^, € C'-C^, and € Cj’'-C^, where C', C^, 

and Cj" are principal cliques of G', G', and Gj", respectively. If 

|W(Gj^)|=l, then ^[{v.yj.y^.yg, v',Vj">] Is isomorphic to H^. If |WCGj)|fc2, 

then let w € W(Gj)-v. Then G[{v,w,yj.y 2 .y 3 .v^,Vj" , Vj_^}] is 

Isomorphic to H'. 

O 

Case 3; N(D(Gp)= 1. 

We can choose s.t. ■{v^_^}= W(G'), where G'> G', and G' is a 

separated graph of Gj w.r.t. C^. Let y^e € C^- W(Gp, and y^ e C'-C^, where 
C' is a principal clique of G'. If |W(Gj)| fc 2, then let w e W(Gj)-v. Then 
G[{ v.w.Vj.v^. . . , y 2 >] is isomorphic to H^. If | W(Gj) | = 1, 

then let y^ € Cj_j- Then Gt{ v, yjfy 2 'y 3 «'^i_l^] is isomorphic to 
Let H', lais9 be the graph in Figure 3.5.2. 

Let f j{H' ), where is l,J,k,s s4, emd i,J,k, and s need not be 
distinct, be the graph H which is obtained as follows: 

(1) Merge the vertex v of H' and the vertex v of H', call the new vertex v' 
and the new graph H' . 

(2) Merge the vertex v of and the vertex v of call the new vertex v" 
and the new graph H” . 

(3) Join the vertex v' of H' to the vertex v" of H" by an edge and the 
resulting graph is called H. 


Let f^dl' where 5sis9, and is J.k s4, and j.k need not be 
distinct, be the graph H which is obtained as follows: 

(1) Merge the vertex v of H' and the vertex v of H^, call the new vertex v' 
and the new graph H' . (2) Take a new vertex v" and join it to the vertex v 
of by an edge, and call the new graph H" . (3) Join the vertices v and 

of H“ to the vertices v' of H' by two edges. The new graph is called H. 



3 


H 


iHa 


f. (HI. Hi, Hi. H:) 


.(H'H' H') 





f^(H^.H^) 


Figure 3.5.3: An Illustration of the operations of the 


functions f- to f-^. 
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Let Gj), 5a 1,J a 9, and 1,J need not be distinct, be the graph 

obtained as follows: 

(1) Take a new vertex v“ and Join it to the vertex v of H', call the 

vertices v and v^ as v' and w^. respectively, and call the new graph H' . 

(2) Take a new vertex v'" and Join it to the vertex v of H', call the new 

graph H" . (3) Join the vertices v' and v^ of H' with the vertices v and v^ 
of H" . The new graph is called H. 

5 a i,j s 9 , where i and J need not be distinct, be the 
graph obtained as follows: 

(1) Call the vertex v and Vq of Hj as v' and v^. Merge the vertex v of 

and the vertex v' of Hj, call the new vertex v' , and the new graph H' . 

Join the vertex v^ and v^ of H' . Take a new vertex v“ and join it to the 
vertex v of H' , and call the new graph H. 

Let { H s.t. H=fj(H',H'.H^,H'), 1 a i,J,k,s a 4}. 

Let { H s.t. H=f 2 (H',H',H|^), 5aia9, laj.k a4 }. Let H s.t. 

H=f 2 (G',G'). 5 a i <j a 9 }. Let S^= {H s.t. H=f^(H', H^, 5 a l,J a9}. 

The operations of the functions f^ to f^ are Illustrated in Figure 
3.5.3. 

Theorem 3.5.5; A graph G 6 iff G is isomorphic to either one of H. to 

^1 ^ 

Hg of Figure 3.5.1 or one of the graphs to in Figure 3.5.4 or a 
member of S^, or S^. 

Proof: It is a routine exercise to check using Theorem 3.4.15 that each of 
the graphs mentioned in Theorem 3.5.5 belongs to . 

Necessity : 

Let G be in y-r . If G is not chordal, then G contains C , n fc4, i.e. 
as an induced subgraph. Since G will be isomorphic to H^. 

Assume that G is a chordal graph. Clearly G has a separating clique. Let C 







(Figure 3.5.4 continued) 


H3j(ifc0) 


Ha^dsO) 




(Figure 3.5.4 continued) 
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be a separating clique of G satisfying the property in the definition of 
^i* * r, r s 2 be the separated graphs of G w. r.t. C. Since G 

is not a PV-graph, Theorem 3.4.15 will not hold for G. Clearly each Gj^ is a 
PV-graph. 

Case 1: Theorem 3.4.15 (2) is not true. 

Then by Lemma 3.5.2, G will contain a subgraph isomorphic to HjOr to 
since both auid are in Fg , G itself will be isomorphic to Hj or 

to H2. 

Case 2: Theorem 3.4.15 (3) is not true. 

Then by Lemma 3.5.3 and by the fact that Hj e , 3 s i s 6, G will 

be isomorphic to one of to H^. 

Case 3:: Theorem 3.4.15 (4) is not true. 

Subcase 3(a): There exists a G^ s.t. N(D(Gj^)) s 3. 

Let Gy G'y and Gj" belong to DCG^) s.t. Vj,v', and Vj" are all 
distinct, where {Vj}= W(Gj), {v^}=W{G^), and {v^}= W(Gj"). Let Xj € C^, x^ 
€ Cj, X3 € C', and € CJ, where C^, Cy C', and C" are some principal 
cliques of G^, Gj, G^, and Gj", respectively. Let x € C-W(G^). Then 
G[(x,Xj,X2.X3,x^,Vj,v^,vy'}] is isomorphic to Hg. Since Hg e G is 


isomorphic to Hg. 

Subcase 3(b)! There exist Gj and G^ s.t. N(D(Gj))» 2, Tor 1=1,2. 

Let Gj.G^ e D(Gj) and G^.G^ e DIG^) s.t. V3 and where 

<v^}= WlGj), 1 s IS 6. If GjI G3, then let x^ e C-Cj, where Is a 
principal clique of Gj. 1 s 1 s 6 . Then GHVj.v^.Vj.v^.Xj^x^.Xj.x^.Xj.x^)) 
is isomorphic to H^. Since a G Is Isomorphic to 1^. Assume that Gj 

is attached to G^. Since |M(Gj)| a 2. for l-l. 2, G^, otherwise this 

case reduces to Case 1. If Vj.v^.Vs, and are all distinct, then G-=G-v, 
where (v) = W(G,) n HtG^), Is not a PV-graph. since C-v Is a separating 
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clique of G and Proposition 3.4.13 (2) is not true for G' . So, wig, v_=v_. 
Then is Isomorphic to H*q. Since H*q € , G 

will be isomorphic to H*^. 

Subcase 3(c); Proposition 3.4.13(3) is violated. 

Let G^>G2, and be an incompatible pair s.t. G,>G-, G >G. and 

WCG^)’^ WCG^). Let {v}= W(G2)=W(G^), {Vj}=W(G2), ’‘i ® ^i“^’ 

a principal clique of G^, 1=1,2. Now each of G^-CC-v) and G^-(C-v) contains 
one of the graphs H' to as an induced subgraph. So G[ {Xj,X2,Vj} u 
(VCG^) u V(G^)-C)}1 will contain one of the graphs to as an 

induced subgraph. Since , 11 s 1 s 20, G is isomorphic to one of 


H„ to 

Subcase 3(d)i Proposition 3.4.13 (4) is not true. 

Let Gj>G 2 , Gj>G 2, W(G2 )®{x 2}, W(G2 )={x 2> s.t. X2 * x^. Let (G^,Gg) 

be an incompatible pair. Suppose G^~ Gg. Then Gj does not dominate G^; 

otherwise, this case reduces to subcase 3(c). Assume that Gj G... Now 

1 * 4 

using a similar argviment as in subcase 3(c), it can be seen that G is 
isomorphic to one of to H2g. 

Let G^>Gg. If Gj is attached to G^, then Gj <=» G^. Again, either 
X2eW(G^) or X2eW(G^); otherwise, G-v, where v e W(Gj) r\ W(G^) will not be a 
PV-graph. . Hence either G2 = Gg or G^® Gg. Since G-(C-W(G^)) is isomorphic 


•* « « 


to one of Gg to G^, G will be isomorphic to one of 'R2J' ^27’ ^9’ ®10’ 

« « »w « 

H2g. If GjI G^, then G will be isomorphic to one of Hg, and 

Hgj, since G-(C-W(G^)) is isomorphic to one of Hg to Hg as an induced 
subgraph. 

Case 4 : Theorem 3.4.15(v) is not true. 

Let (G, ,G„) be an antipodal pair of separated graphs relevant to v. So 
by Proposition 3.4.5, there exists Cj € Gj, i=l,2 s.t. Cj C2. Let Xj e 
W(Gj)-W(G 2). X2 € W(G2)-W(Gj), y^ € Cj-C, and y2 6 C2-C. 
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•ocase 4(a): There exists an incompatible pair s.t. UiG^)*{y}. 

Suppose G^jGj for 1,J s.t. i=l,2 and J=3,4. Then using Lemma 3.5.4 it 
• be seen that G will be isomorphic to one of to H2j,H22.H25. 

32 34 ^3 ^4’ °^h®rwise, G will be isomorphic to one of the 

, “35’ ”35’ *^ 28 * “31 “ 36 - 

Assume, wig, that G^ is attached to G3. If [1/(03) | * S “ 

G € In this case G will be isomorphic to one of the graphs 


mmm 


* **27 * **29’ ^35' Suppose |W(G3)|=1. Then G3 ~ G^. So G will be 

^Orphic to one of H23. H33. H3,. and H3,. 

case 4(b): There exist G^. Gy and G^ s.t. > Gj, G^ > Gj^ and v. Vj 
Vj^ are all distinct, where {v }= W(G,) and {v }= W(G. ). 

vr J K iC 

Since G e Gj Gj^ and G^ [G^. Let z^e C^-C, Zj 6 Cj-C, and e 

p, where Cj^.Cj, and Cj are some principal cliques of Gj^, Gj, and Gj^, 

actively. Then G[{v,Xj,X2,yj,y2,Vj^,Vj,Vj^,Zj. ,Zj,Zj^}] is isomorphic to 

. Since G € ?_ , G will be isomorphic to H 
^1 


28 • 


5: There exist two pairs of antipodal pair of separated graphs, 
ise 5(a): There exists Gj,G2, and G3 s.t. CG2,Gj) and (02,63) are two 
: of incompatible pair. 

Now (Gj,G 3) is not an incompatible pair, because then |W(Gj^)|=l for i= 
whence (Gj \J G^ yj G3)-(C-W(Gj) will not be a PV-graph. Clearly, 

I a:2, and |W(Gj) | = |W(G3) |=1. Since {62.6^) and (62,63) are two 
itible pairs, G2-(C-W(G2) will contain a subgraph isomorphic to one 
to Hg. So G will be isomorphic to one of Hg, and H2g. 

5(b): There exist G^, G2, and G3 s.t. (Gj,G2) and (G3,G2) are two 
incompatible pair. 

subcase 5(a) (Gj,G3) is not an incompatible pair. SO |U(G^)| fc2, 

*:2. Now each of Gj and G^ contains a subgraph isomorphic to one 

H' to Hg in Figure 3.5.3. It can be seen than G will 
5 ^ 
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be isomorphic to to a member of S 

4’ 

Subcase 5(c); There exist two pairs (G^.G^) and (Gg.G^) of Incompatible 
pair s.t. GjGj for i=1.2 and j=3.4. 

If jW(Gj)| fc 2 and IWCG^)! a 2, then it can be seen that G will be 
isomorphic to a member of S^. If exactly one of |W(Gj)| and jWlG^)! is at 
least 2. then G will be isomorphic to a member of S 2 . If |W(Gj^)| = 1 for 
all i, i=l,2,3,4, then G will be isomorphic to a member of S^. 

Note that is isomorphic to when i=l, and is isomorphic to Hjq 
when i t2. Hg is isomorphic to Hg if i=0, and is isomorphic to Hg if i a 1. 
Hg is isomorphic to Hg . is isomorphic to if i=l, and is 

isomorphic to «27 if i a 2. Again H^y is isomorphic to 
isomorphic to H 2 g. H^g is isomorphic to H^g if i=0> and is isomorphic to 

^28 ^ ^ ^29 isomorphic to if i=0, and is isomorphic to if 

* « 

i a 1 . H 3 ^ is isomorphic to H^j^. H^g is isomorphic to H^g if i=0, and is 

•» 

isomorphic to H^g if i a l. 

Hence the necessity is established. | 

Next we give a method for finding out the members of fy from that of 
. To do this the only thing we need is that the structure of G[V(Gj^) u 

V(G 2 )-(C-WCGj) )] , where (Gj,G 2 ) is an incompatible pair of G, G € of 

arbitrary height. Lemma 3.5,4 gives the structure of G[V(Gj) u 

V(G_)-(C-W(G, ))] if height (G, ,G„)=1, Assvime that we have a method to know 

the structure of G[V(Gj) u V(G 2 )“(C-W(Gj))] if height(Gj,G 2 ) sk-1. let G e 

9„, and (G, ,G-) be an incompatible pair w.r.t. C of height k. Let W{Gj) n 

ViG^)- (v). Let Tj be a PV-clique tree for Gj, and let it(v)=C,Cj Cj^. 

Since k a 2, there exists an incompatible pair (G'.G^) of G^ w.r.t. of 

height k-1. So, by our assumption, we know the structure of G[V(Gp u 

V(Q')_(C -w(G'))]. Now (G, ,G_) is an incompatible pair. So one of the 
2 i 1 12 

following two cases holds. 
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Case 1: G, > G„. 

1 2 

Then clearly G^-CC-WCGg) will be isomorphic to the complete graph on 
two vertices. Again, using the similar argument as in Lemma 3.5.4, we can 
get the structure of G'= G[V(G ) u V(G )-(C-W(G )). 

Case 2: ~ G^. 

Wig, let depth(Gj,v) e depth(G 2 ,v). So it is enough to describe the 
structure of G^. Using a similar argument as in Lemma 3.5.4, we can get the 
structure of G^. Similarly, we can get the structure of G 2 , and hence that 
of G[V(Gj) u VCG^l-CC-WCGj)). 

So we have a method to construct G[V(G. ) \J V(G-)-(C-W(G, )), if (G, ,G.-) 
is an incompatible pair of arbitrary height. Now along the same lines of 
Theorem 3.5.5, we can find out . So we have the forbidden subgraph 
characterization for PV-graphs, namely the following: 

Theorem 3.5.6: G is a PV-graph iff it does not contain a member of as an 
induced subgraph. 

3.6: Recognition Algorithm For PV-graphs: 

In this section, we present a polynomial time recognition algorithm 
for PV-graphs. Moreover, if the input graph is a PV-graph, then our 
algorithm constructs a PV-clique tree T in polynomial time. 

Since every chordal graph having at least three cliques has a 
separating clique, we have the following result. 

Theorem 3.6.1: ( Atom theorem for PV-graphs) Every atom of a chordal graph 
is a PV-graph. 

Let X= ( G. ,G-,...,G ) be an ordered set of separated graphs of G 
X ^ r 

w.r.t. C, and Y=(Tj.T 2 T^) be s.t. T^ is a PV-clique tree for G^, 1 s 

i sr. (X,Y) is said to be perfect w.r.t. C if (1) X contains neither an 
antipodal pair incompatible pair (G^.Gj) of separated 

graphs, (2) There exists no G^ in X s.t. NCDCG^)) s 2, (3) The ordering 
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satisfy the property of Lemma 3.4.14, and (4) if CG^.Gj) is a 

congruent pair with i < J, and c is an end vertex of it(Vj) in T^, 

where {Vj}= W(Gj), then 1.^. (0^3=0. 

Let T and T' be any two trees s.t. v e V(T), and w 6 V(r). Define f 
by f(T.v,r,w,xJ=T", where V(r)= (( V(T) u V(T’ )(j {x})-{v,w>), and E(r)= 
(E(T) yj ECT'))- (<vv' s.t. w' e E(T)} u { ww' s.t. ww' e Ed')}) u { xx' 
s.t. either vx'e E(T) or wx' e Ed')>. In other words, f (T,v,T' ,w,x) is the 
tree T" obtained by merging the vertex v of T with the vertex w of T' , and 
naming the merged vertex x. 

Next we present a procedure ’CONSTRUCT TREE’ to construct a tree from 
a certain collection of trees. 

PROCEDURE CONSTRUCT TREE(G^,Tj^, laisr, C); 

INPUT: X=(Gj,G 2 G^), and Y=(Tj,T 2 T^) s.t. (X,Y) is a 

perfect pair w. r.t. C. 

r 

OUTPUT: A PV-clique tree T for ( u G,). 

i=l 

METHOD 

BEGIN 

T:=T^; 

For i:*2 to r do 

If Gj^ is unattached with every Gj 1 sjsi-1 Then 
T:= f(T,C,Tj,C.C) ELSE 

If C^ C is an end vertex of it(Vj^) in T, where {Vj^}= W{G^) 

Then T:= f (T,C^,Tj,C,Cj) 

END. 

Note that the correctness of the above procedure follows from the 
proof of the sufficiency of the Theorem 3.4.15. Since, given a PV-clique 
tree T' for a graph G' , and a vertex v €V(G'). it(v) can be constructed in 
0(jV(G')| +jE(G')|) time, and since r=0(n), the procedure CONSTRUCT TREE 
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0(n(n+»)) time, where n, and m are the number of vertices and edges, 

-tively of ( u G ). 

i=l ^ 

next suggest a procedure to test whether a given separated graph is 
•^tible w.r.t. a prescribed vertex. 

^ INCOMP(Gj,C,v,r); 

A separated graph w.r.t. C. a vertex v, v € W(Gj). and a 
PV-clique tree T' for G^. 

: If Gj is incompatible w.r.t. v, then I(Gj)=o Else I(Gj)=l, 
and a PV-clique tree for G^ s.t. (c^)=o, where 

C is an end vertex of the path irCv) in T^. 

X;iN 

;TEP 1: Let C'*C be an end vertex of ir(v) in T' ; 

If I.J., (C' )= 0 Then 
begin 

I(Gj)=l; Tj:=r ; GO TO 9 
end; 

EP 2: Let G', G 2 ,...,G^ be the separated graphs w.r.t. 

C' s.t. C e G'; 

For i:=l to r do 
P(Gp:=Gj; 

If either (i) there exists G' s.t. G' is 
attached to G', or (ii) there exist G', G' s.t. 

Gj, or (iii) there exists G' s.t. 

NIDCG^) = 2 Then 
^<agin 
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STEP 3: (i) For i:=l to r do 
begin 

Construct a PV-clique tree T' for G' from T' ; 

I(Gp:»l; 

end; 

(ii) For every pair (G'.Gj) s.t. G' > G' 
with {v^>*W(G'), lsi<jsrdo 

begin 

INCOMP (G'.C'.Vj.T'); 

If I(Gp=0 Then I(P(Gp)=0 and GO TO 9; 
end; 

(iii) For every congruent pair(G',G'), 1 s i,j sr, 
and {v')*W(Gp do 

begin 

INCOMP (G'.C'.v'.T'); 

INCOMP (G',C',v',T'); 

If (I(G')=0 and I(Gp=0) Then 
I(P(G')=0 and GO TO 9; 
end; 

STEP 4: Sort the G' s accord i ng to lexicographically 
non-increasing order of ( |W(G')|, I(Gp); 

Ik itt 

Let X= (Gj ,G^ ,...,G^ ) be the new ordering of 

the separated graphs. Let Y=( Tj ,^2 J 

♦ ♦ 

s.t. Tj is a PV-clique tree for G^ 

constructed previous to this point of time; 

CONSTRUCT TREE(Gj^*,T^*. isUr.C’); 

9: STOP; 


END. 
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Lenma 3.6.2: If Gj and G' are as in the condition (1) of Step 2 of the 
procedure INQMP, then G^ is incompatible w.r.t. v. 

Proof: If |W(Gp|fc2, then (G^.G') is an antipodal pair relevant to a vertex 

w.r.t. C' . So, by Lemma 3.5.1, Gj is incompatible w.r.t. v. 

Assume that jWCGpj*!. Let v^ € W(Gp n W(Gp. Let be any PV-clique tree 

for Gj s.t. C' is an end vertex ii(v). Since G' > G', by Propositions 3.4.9 

and 3.4.11, either the subtrees corresponding to G' and G' lie in 

different branches of C' or all the relevant cliques of G' w.r.t. C' 

containing Vj lie in the path n(C',C') of T^, where C' is a principal 

clique of G' w.r.t. C' . Since Gj is a PV-graph and jr(v) contains at least 

three vertices of Tj, the subtrees corresponding to Gj^ amd Gj lie in 

different branches of C' . So I_(C^)*1. So G is incompatible w.r.t. v.| 

1 ^ 

To analyze the time complexity of procedure INCCM* we need to 

construct a tree iteratively, which we call an INCXM4P clique 

decomposition tree for G^. Let G^.T^.G, and v be some input of the 

procedure INCOdP. Let C'* C be an end vertex of it(v) in T, . If I- (C' )=0, 

^ 1 

then is the tree on the vertex set {C,Gj>. Let I^ (C')=l. Let G^ 

be the separated graph of Gj w.r.t. C' , and T' be a PV-clique tree for G^, 

1 sisr, constructed from T^. If any of the conditions of Step 2 of the 
Procedure INCOMP is violated, then T^^^(G') is the tree on the vertex set 
{C' , G'}, 1 s i s r. If either (i) G' is unattached with all other G', or 
(ii) g; is attached to G' implies I.J., (cp=0. where is an end vertex 

of «(v'). {v'} =VKG',) A W(G'}, then T(gJ^] is the tree on the vertex set 
J ’ j 1 J 

<C^G^}; otherwise, let T^”g') be an INCOMP clique decomposition tree for 
G'. Now construct t“’(Gj) from l'‘’(GJ), Isisr, by ,»rglng the vertex C' 
Of each of T^^^G^ and then adding a new vertex C and Joining the edge 

CC' . We define the root of T^^^(Gj) to be C. 
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Note that Max { |V(T^^^(Gj))| s.t. is a separated graph of a 

chordal graph G having n vertices } is 0(n). 

Theorem 3.6.3: Procedure INCCMP is correct and can be implemented in 0(nm) 
time, where n and m are the number of vertices and edges of the input 
graph. 

Proof: The correctness of procedure INCC#<P follows from Lemma 3.5.1, Lemma 
3.6.2, and the correctness of procedure CONSTRUCT TREE. 

Given a PV-clique tree T for a PV-graph, a PV-clique tree Tj for a 
separated graph G^ of G can be constructed in 0(n+m) time. Since the number 
of vertices of T^^^(Gj)is at most 0(n), at most 0(nm) time is needed for 
constructing PV-clique trees for all the separated graphs constructed 
throughout the procedure INCOMP, from the input tree T' . For the similar 
reason at most 0(nm) time is needed to implement Step 2. Step 4 takes at 
most 0(nm) time in total. We need O(n^) time to check the conditions in 
Step 3. So procedure INCCSiP takes 0(nm) time.| 

Next we present a procedure which will be used in our main algorithm. 

PROCEDURE TREE(C); 

INPUT: The set X=(G^.G 2 G^) of all separated graphs of a 

chordal graph G w.r.t. C, and a set Y=(Tj,T 2 , . . • .T^) s.t. 

Tj is a PV-clique tree for Gj^,l s i s r. 

OUTPUT; If G is a PV-graph then output •TEST(C)=1. and a PV-clique 
tree T for G. Otherwise, output ’TEST(C)=®0 . 

METHOD 

BEGIN 

STEP 1: TEST(C):=1; 

If the separated graphs violate any of the 
conditions of the Theorem 3.16 Then TEST(C):=0; 


GO TO 9; 
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STEP 2: Z:=^; 

If there exists an antipodal pair Then 

Z:= {G^}; X:=X-<G2} 

If either (i) there exists an incompatible pair 
CGi.Gj), or (ii) there exists G^ s.t. N(D(Gj^)=2 
Then Z:={G^}; X:*X-{G^}; 

STEP 3: (i) Sort the elements of X in non- increasing order of 
|W(Gj)|. Gj e X; 

Let the ordering be Gj*,G2* G^*, where t=r or 

r-1 depending on whether Z- ^ or not. 

(ID For 1:* 1 to t do 
KG* )=1; 

(lii) For every pair (G* ,G* ) with i<J and W(G* ) n 

W(Gj ) ^ ^ do 

* « • 

INC0MP(Gj^ ,Tj ,Vj,C), where Tj^ be the PV-clique 

♦ ♦ * 
tree for G^ , and {Vj}* W(Gj ) n W(Gj ). 

(iv) Sort the Gj^ s according to lexicographically 

• • 

non-increasing order of ( |W(Gj^ )|,I(Gj^ )). 

Let the new ordering be G', G'^-.-.G', and let 
T', be a PV-clique tree for G', 1 slst; 

CONSTRUCT TREE(G^,T^,lsist,C); 

Let this tree be T^^^ If Z = ^ Then T:»T^^^ Else 
T:=f(T^^\c.Tj,C,C); 

9: Stop; 

END. 

Since the procedure CONSTRUCT TREE and the procedure INCCM* are true, 
the correctness of procedure TREE follows from Theorem 3.4.15. Note that 

3 

procedure TREE takes at most 0(n m) time. 
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Let G be a chordal graph and C be a separating clique of G. Let C 
separate G into GEV^u C] , 1 s i s r, r fe 2. By repeating this process we 
obtain a clique decomposition of G. This process can be represented by a 
clique decomposition tree associating each leaf vertex with an atom of G 
and each internal vertex with a clique separator of G. The original 
graph can be reconstructed by composing subgraphs in the 

decomposition tree. This Clique decomposition of a chordal graph can be 
done in 0(nm) time (see [92]). 

ALGORITHM A: 

INPUT: A graph G. 

OUTPUT: A PV-clique tree T for G iff G is a PV-graph; otherwise, 
output ’ G is not a PV-graph’ . 

METHOD 


BEGIN 

STEP 1: If G is not a chordal graph then output ’G is not a 
PV-graph’ . 

(S) 

STEP 2: Construct a clique decomposition tree T for G. 

STEP 3: Construct PV-clique trees for each Atom. 

STEP 4: Let the root of T^^^ be C. Let Max {d(C,C' ) s.t. 

f Si 

C' is not a pendant vertex of T }=k, where d(C,C^) 

(S) 

is the distance from C to C’ in T ; Let Sj={C e 
V(T^^^) and C“ is not a pendant vertex s.t. 

d{C,C")=j>; 

Let |S,|=t ; Let C .C Cj be some ordering of 

J J *'1 ''2 tj 


For i:=k down to 0 do 
For J:»l to t^ do 


begin 
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TBEEiC ); 

J 

If Test(C, )=0 Then output ’G is not a PV-graph 

J 

smd GO TO 9; 
end; 

9: STOP; 

END. 

The correctness of ALGORITHM A follows from the correctness of the 
procedure TREE, Theorem 3.4.15, and Theorem 3.6.1. Since the number of 

4 

separating clique of G is 0(n), ALGORITHM A takes 0(n m) time. 

From the above we have the following Theorem. 

4 

Theory 3.6.4: PV-graphs can be recognized in 0(n m) time. Moreover, a 

4 

PV-clique tree T for a PV-graph G can be constructed in 0(n m) time. 

Though we have a polynomial recognition algorithm for PV-graphs, it 
would be interesting to design a more efficient recognition algorithm for 
PV-graphs. 

We have seen in Theorem 3.2.1 that the class of intersection graphs of 
edge disjoint paths in a tree and the class of intersection graphs of edge 
disjoint subtrees in a tree are one and the same. Since the graph in 
Figure 3.5.1 is not a PV-graph but it can be seen that it is an 
intersection graphs of vertex disjoint subtrees of a tree, it would be 
interesting to characterize intersection graphs of vertex disjoint subtrees 
in a tree following the frame work of Monma and Wei [92]. We left the 
problem of obtaining the forbidden subgraphs for this class using the 
framework developed in Chapter 2 as an open problem. 
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CHAPTER 4 

ON ALGEBRAIC ASPECTS OF STRONG PERFECT GRAPH CONJECTURE 

4 . 1 Zntroduct ion : 

In this chapter we study SPGC in the algebraic viewpoint. We show 
certain classes of graphs to be complete w. r.t. SPGC. We also show that 
SPGC is true for some special classes of graphs. Certain conjectures on 
stable graphs by Holton made for general graphs are shown to be false, even 
for perfect graphs. 

4.2 Strong Perfect Graph Conjecture! SPGC): 

Berge’s strong perfect graph conjecture states that odd holes , 

k>l) and odd antiholes ( complements of odd holes) are the only minimal 
forbidden subgraphs for perfect graphs. One way of attacking SPGC is to 
observe some common properties of odd holes and odd antiholes and to prove 
that the class of minimal forbidden subgraphs for perfect graphs has 
these properties. In recent years several properties have been shown to 
hold for Fg (see 111,15,27,57,100] 

The automorphism group of odd hole is D2k+1’ dihedral 

group on 2k+l symbols, which is also the automorphism group of As 

t) k >1 is free from transposition, it is natural to expect that FIG) 

2k+l ’ 

is free from transposition for G € Fg , which is shown to be true in the 
following Theorem. 

Theoraa 4.2.1: If G € Fg , then FCG) has no transposition. 

In fact Theorem 4.2.1 follows from a result due to Lovaszl86]. Before 
stating that result, we need to introduce some definitions. 
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Let G and H be two vertex disjoint graphs and let x be a vertex of G. 
By substituting H for x, we mean deleting x and Joining every vertex of H 
to those vertices of G which were adjacent to x. Let Gj=(Vj,Ej) and 
G2={V2.E2) be any two graphs s.t. and V^^ty^.y^ y^ >. 

Let Cj ■{Xj,X2, . . ,x^} and C2*{yj ,y2, . . . ,y^} be any cliques of G^ and G2 
respectively. Then the clique bonding of G^ and G2 is another graph G3 
which is dcf*ined as follows; 


VCG^) { \+i'\+2* • • • '^r+l’^r+2’ ‘ ’ •'^n ’ z^.Zg, . . ,2^}, and 

2 

E(G3)={ XjXj if Xj^Xj € E(Gj), r+lsi, jsn^lvj { y^y^ s.t. y^yj € E(G2), and 
r+1 si,jsn2> u { z^Zj s.t. isijar} u { z^Xj s.t.x^Xj € E(Gj) and isisr, 
r+lsjsnj} u { z^yj s.t. y^y^ € E(G2) and Isisr, r+lsjsn2}. 


Theorem 4. 2. 2 [86]; The graph obtained by substituting a perfect graph for 
some vertex of a perfect graph is a perfect graph. 

Proof of Theorem 4.2.1: Assume that a=(u v) is a transposition of r(G), G e 
Eg . Let G-u. Since r(G)» { B s.t. xy € E(G) iff p(x)B(y) € E(G) }, and 
a € r(G), we have N(u)= N(v) if uv E(G); otherwise, N[u]=N[v]. If uv 
E(G), then G is obtained by substituting a to the vertex v of the 

perfect graph otherwise G is obtained from Hj by substituting a for 

V of Hj. So by Theorem 4.2.2, G is a perfect graph, which is absurd. | 

Let y={ G s.t. r(G) has a transposition}. Next we show that it is 

enough to study certain proper subclass of y as far as SPGC is 

concerned. 

Theorem 4.2.3: Let {G € y s.t. G is regular). Then y^ is a complete 
class for SPGC. 

Proof; Given a graph G we construct a k-regular graph G' s.t. r(G') has a 
transposition, where k = 2A(G)-1, and A(G) is the maximum degree of G. We 
first construct the graph Tj^ as follows: 
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Take the complement of the union of one and A-1 copies of K 2 . and 
then take a new vertex and Join it to the middle vertex of the original P^. 
Now Tj^ has degree sequence 1, 2A-1, 2A-1 , . . . ,2A-1 . We now clique bond 
(2A-l-deg(x) ) copies of Tj^ to the vertex x where deg(x) is the degree of x 
in G. The bonding is done with the vertex of degree 1 in Tj^. The graph G' 
so formed is regular of degree k=2A-l. Now clearly Tj^ is a perfect graph. 
So G' is perfect iff G is perfect. Again r(G' ) has a transposition, namely 
a=(u v), where u and v are the end vertices of some K 2 in the complement of 
some Tj^ in G' 

Note that p=(x y), where x and y are the end vertices of the P^ in 
the complement of some Tj^, is also a transposition of r(G' ) s.t. xy € 
E{G'). Since r(G' ) contains a transposition a=(u vj s.t. uv « E(G' ) as well 
as a transposition p=(x y) s.t. xy € E(G'). we have the following stronger 


result. 

Hieore. 4.1.4: Let { G s.t. G is regular, and r(G) contains a 

transposition a={x y) s.t. xy e E(G)} and ^ 3 =^ G s.t. G is regular, and 
r(G) contains a transposition 3=(x y) s.t. xy 4 E(G)}. Then and ^3 are 


complete classes for SPGC. 

Next we shew s subclass of graphs to be valid for SPGC. The vertex 

regularity can he viewed as follows: Let f: V > Z* be defined by f(v) 

= |N(v)|. Where N(v). < w s.t. vw s E(G)). How G Is regular Iff f Is 

constant on V. We define the functions g: E >Z* by g(e).g(uv).H » 

refreiti anA h • E > by h(xy) = Hz s.t. XZ € 

uw € E(G) and vw e E(G)}|. and h . b ^ ^ y 1 

E(G) and yz € E(G)}|. _ 

Let ( G s.t. G e y,, and g and h are constant on E. and E. 

respectively). Next we show that Is a valid class for SPGC. 

Theorem 4.2.S: y^ Is a valid class for SPGC. 

that G € y implies that G is perfect. Wig, Let G 
Proof: In fact, we prove that G € imp 
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e be a connected r regular graph on n vertices. Let (u v) € r(G). 

Case 1: uv € E(G). 

Now N[u]=N[v]. Again g(uv)=r-l. Since g Is constant on E, g(xy) =r-l 
for every xy € E(G). Let w e N(u), w * v. Since g(uw) r-l, and deg(u)=r, so 
N[u]=N£w]. Since N[ul=Ntw] for every w € N(u), and since G Is connected, G 
Is Isomorphic to whence G is perfect. 

Case 2: uv E(G). 

Now N{u)= N(v). Again h(uv)=r. Since h is constamt on E , h(xy)*= r for 
every xy * E(G). Consider G. Now G Is regular and r{G)= r(G). So r(G) 
contains a transposition (u v) s.t. uv e E(G). Again g is constant on E(G), 
and g(uv) = (n-r-2), for every uv 4 E(G). So by case 1, every connected 
component of G is isomorphic to So G is perfect, whence G is 

perfect.! 

Actually we have proved the following stronger result. 

Theorem 4.2.6; The class y 5 ={G € y, and g is constant on E} and {G € y, 
and h is constant on 1} are valid classes for SPGC. 

4.3 Stability of Graphs: 

Though stability of graphs is defined in chapter 1, we recall the 


definition. 

A graph G of order n Is said to be stable If there Is a sequence 
a=(vj. v„, Of V s.t. 1 s Js n. where SjM v,. 

V >, and Gg = G-Sj. « Is then said to be a stabilizing sequence. 

The notion o/stablllty was Introduced by Holtonl691 . Stability of 
graphs has been extensively studledl69-72,1251 . A necessary condition for 
a graph G to be stable Is that r(G) contains a transposition, 
unfortunately, there Is no c^acterlzatlon for stability of graphs. G Is 

said to be seal stable at v If r(G,)= r<G,,. In [691 Holton proved the 
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following: 

If r{G) S D^, where denotes the dihedral group , n fc 5, then G is 
unstable. 

From above it is clear that the automorphism group of a graph plays an 
Important role in deciding the stability of a graph. However, this is not 
the only factor, because there are graphs having same automorphism groups 
which are not simultaneously stable [69]. This might have motivated Holton 
for the following two conjectures! see [69, pp 166])- 

Conjecture (1): If G, H, G, and H are all 'connected and r(G)=r(H), then G 
is stable iff H is stable. 

Conjecture (2): If G and H are connected but G and H are both disconnected 
and r(G)=r(H), then G is stable iff H is stable. 

We first show that conjecture (2) implies conjecture (1). Then we 
disprove conjecture (1) by producing an infinite class of counter examples 
in the class of perfect graphs, hence disprove conjectxjre (2) also. 

To this end we need the following results. 


Theorom 4.3.1 [69]: u G. is stable iff each G^ is stable. 

i=l 

TheorMi 4.3.2 [671= r(Gj u C^l- r(Gj) ^FCG^l Iff »=> component of Gj Is 

isomorphic to any component of 02 * 

Theorem 4.3.3 [69]: G is stable iff G is stable. 

Theorem 4.3.4 [72]: G is semistable at v iff N(v) is fixed by r(G^). 

Theorem 4.3.5 [70]: If G is stable, then r(G) has a transposition. 

Theorem 4.3.6 [71]: A tree T is stable iff r(T) has a transposition. 

We next show that conjecture 2 implies conjecture 1. 

Thoore. 4.3.7= If Conjecture (2) Is true, then oonjeot^e (1) Is true. 
Proof = If not. there eslst G end H s.t. G. H. G. end B ere ell connected. 
r(Gl= r(H). G Is steble but H is unsteble. Ut Gj= G o Kj. end Hj. H u Kj. 
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It Is easy to check that and satisfy all the conditions of conjecture 

(2). since G u is stable by Theorem 4.3.1, G^ is stable by Theorem 

4.3.3. Similarly is unstable because H is unstable. Implying the falsity 
of Conjecture (2).| 

In view of Theorem 4.3.7, if we could show that conjecture (1) is 
false, then conjecture (2) would be false. The following Theorem gives an 
infinite class of counter examples for conjecture (1). 

Theorem 4.3.8: The graphs G^ and given in Figure 4.3.1 satisfy the 
following: 

(a) G^, H^, G^, and are all connected. 

(b) r(G )= r(H ) = S_(2) + s- + I . 

n n 2 2 n 

(c) G is stable but H is iinstable. 

n n 

Proof: (a) It is easy to check that G^, H , G , and H are all connected. 

n n n n 

(b) The labellings of G^ and H show that a € r(G ) iff a € r(H ). It is 

n n n n 

easy to check that r(G )=r(H )« S-(2)+S.,+I . 

n n 2 2 n 

(c) It is easy to check that G is semistable at a. Now G'= G -a is a tree. 

n n n 

Since r(G') has a transposition (e f), G' is stable by Theorem 4.3.6. So G 

is stable. We claim that is unstable. One can verify using Theorem 4.3.4 

that H is semistable at x iff x e { e,f, v, , v„ ,v }-{v „}. If x = e 

n 1 2 n n“2 

or x=f, then r(H -x) does not contain any transposition. So H -x is 

n n 

unstable by Theorem 4.3.5. Assume that x e { v. ,v„, . . . ,v }- { v _}. Now x 

1 2 n n-2 

is a cut vertex of H . Let H' be the connected component of H -x containing 

n n - n 

a. Then FCH' ) does not contain any transposition. Hence by Theorem 4.3.5, 
n 

H' is unstable. So by Theorem 4.3.1, H' is unstable. Since H is semistable 
n n n 

at V implies that v e { V"'^V2^’ ”n stable. Hence 

our claim is established.! 
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Using Theorem 4.3.7, and Theorem 4.3.8, one can construct an Infinite 

class of counter examples for conjecture (2). Next we construct another 

infinite class of coxinter examples for Conjecture (2). 

We first show that if one counter example for conjecture (2) is known, 

then we can construct an infinite class of counter exsunples. 

Theory 4.3.9: Let G and H be two connected graphs s.t. G and H are 

disconnected, TCG)* r(H), G is stable but H is unstable. Define G^ and 

recursively as, G.=G, H.®H, and G = G , H =H , n>l. Then G and 

11 n n-1 1 n n-1 1 n 

H are both connected, G and ii are both disconnected, r(G^)=r(H ) and G 
n n n * n n n 

is stable but H is unstable for all n &1. 
n 

Proof: It follows easily from induction that G and H are disconnected. 

•' n n 

Hence G and H are connected for all n a 1. Now r(G )=r(G )= r(G .+K. )® 
n n n n n 1 A 

r(Gn_i)+r(Kj)=r(Hn_i)+r(Kj)=r(Hn)=r(H^). So G^ and have same 

automorphism groups for all n s 1. 

Since G is the union of two stable graphs, G is stable. Hence G is 
n “ 

stable. Now H is the union of a stable graph and an unstable graph. So 
n 

is unstable. Hence H^ is unstable. § 

Note that in Theorem 4.3.9, in place of K^, one can take any stable 
graph none of whose components is isomorphic to any component of H. 

The following Theorem gives a counter example for Conjecture (2). 
Theorem 4.3.10: The pair of graphs (G,H), where G and H are given in 
Figure 4.3.2, is a counter example for conjecture (2). 

Proof: It is easy to check that, G and H are both connected, G, and H are 

1 . J rm- <; f7US +S » r(H). G is a stable graph with a 

both disconnected, and FCG)- S 2 UJ+t> 2 +aj i mj. « 

stabilizing salience «a(1.2,3,4.5.6.7). As the oonnected component Bj- 

Hdv^.Vj.Vj.Vs.VjU of B does not have any transposition In Its 

„ 5 nnstable by Theorem 4.3.5. Hence H is unstable by 

automorphism group, H^ is unstaoie oy uw 

Theorem 4.3.1. Thus H is unstable by Theorem 4.3.3.| 




CHAPTER 5 

PERFECT ELIMINATION ORDERINGS IN CHORDAL GRAPHS 
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5.1 Introduction: 

Perfect elimination ordering (PEO ) plays an Important role in 
obtaining structural results and designing efficient algorithms in chordal 
graphs. Efficient algorithms exist for finding maximum independent sets, 
maximal cliques, minimum coloring and minimum clique cover in chordal 
graphs (see Gavril [49]), even though these problems are knovm to be 
KP-Hard for general graphs (see [47]). All these algorithms need in their 
inputs a chordal graph and a PEO. Qiordal graphs can be recognized using 
the following two steps. 

Step 1: Compute an ordering a of G that is a PEX) iff G is chordal. 

Step 2: Test whether a is a PEO. Declare G chordal if a is a PEO. 

So there is a lot of Interest in PEOs of chordal graphs 
[49,50,57,76,111,112,114,119,122,123,128-130], and various algorithms have 
been suggested to generate them [57,114,119,128,129]. BPS can be used to 
generate PEOs of chordal graphs, namely LEX-BFS algorithms of Rose et al 
[114] is based on certain lexicographic ordering and it turns out that the 
search is a BPS. However, it is not known whether DFS can be used to 
generate PEOs of chordal graphs. 

In section 2, we suggest three algorithms, namely Ci) Maximum 
Cardinality breadth first search ( MCBFS). (11) Maximum cardinality depth 
first search ( MCDFS ). and (111) Local maximum cardinality search ( LMCS ) 
to generate PEOs of chordal graphs. Me will show that MCBFS and MCDFS are 
natural applications of BFS and DFS. respectively. Me will show that MCS, 
MCBFS. and MCDFS are special cases of UCS and that MCBFS and MCDFS run In 
linear time, while LMCS takes O(n^) time. 
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It is known [57] that neither MCS nor LEX-BFS can generate any 
arbitrary PEO of an arbitrary chordal graph. It is also established that 
there are MCS orderings that cannot be generated by LEX-BFS and conversely 
[57]. In the same spirit we have shown in section 3 that the algorithms we 
have suggested in section 2 are different from MCS and LEX-BFS, and none of 
them can generate any arbitrary PEO of a general chordal graph, we then 
give a comparative study of these algorithms as far as generating any 
arbitrary PEO of an arbitrary chordal graph is concerned. 

In section 4, we study HEO of chordal graphs. We characterize 
H-Perfect k-trees in terms of the number of their simplicial vertices, and 
also in terms of forbidden subgraphs. We also characterize K-trees with a 
given Jump nximber and suggest a linear time algorithm for generating a jump 
sequence of an arbitrary K-tree. We then present an 0(n m) algorithm to 
recognize H-Perfect chordal graphs. We introduce the notion of extremal 
chordal graphs and present two characterizations of these graphs and 

indicate a polynomial recognition algorithm. 

In section 5, we characterize Hamiltonian H-Perfect chordal graphs and 
present a linear time algorithm for finding a Hamiltonian cycle of an 
H-Perfect chordal graph if an HEO is given in the input. 

We present in section 6, a linear time algorithm for finding out a 
Hamiltonian cycle in a biconnected proper interval graph. 

5.2 The Algorithms; 

In this section we present three algorithms for generating PEOs of 

chordal graphs. 

Algorithm IMCS: 

INPUT: A graph G. 

OUTPUT: An ordering «= a(2), 

graph iff a is a PEO of G. 


a(n)) of V s.t. G is a 


chordal 
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METHOD: 

BEGIN 

For all V e V do 
L(v):=0; 

Choose an arbitrary vertex x; S;=^; 

For J:=n Down to 1 do 
begin 

v:= x; a(j):=v; L(v)= -1; S := S U {v}; 

For all w € N(v) do 

If L(w) a 0 then L(w):= L(w)+1; 

10 If S = ^ then Stop 

Else choose a vertex y e S; 

Choose a vertex y’ € N(y) s.t.L(y’ )=44ax{L{z), ze NCy)}; 

If L(y’ ) > 0 then x := y’ Else 

begin 

S:- S - { y>; GO TO 10; 


end; 

end; 


END. 

Now we show that Algorithm LMCS runs in O(n^) time. 

Theorem 5.2.1: Algorithm LMCS takes O(n^) time. 

Proof: Throughout the algorithm every vertex ts aUdeU to S exactly once 
and then ao« vertices are deleted fron S. Since each addition of a vertex 
to S takes at most OCn) tine and each deletion of a vertex from S takes at 
most 0(n) time. Algorithm UKS takes 0(n^ tlme.| 

Next we present an algorithm based on BFS. 


Algorithm MCBFS: 
INPUT: A graph G. 
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OUTPUT: An ordering a=(a(l), a(2) a(n)) of V(G) s.t. a Is a PEO of 

G Iff G Is a chordal graph. 

METHOD: 

BEGIN 

For all V e V do 
L(v):=0; 

Qioose an arbitrary vertex x e V; 

L(x):= -1; Create Queue(Q); 

For i:=n Dovm To 1 do 
begin 

v:=x; a(i):*v; Add(Q,v); 

For all w € N(v) do 

If L(w) s 0 then L(w):= L(w)+1; 

10 If einpty(Q) then Stop Else 
y:>= Front (Q); 

choose a vertex y’e N(y) s.t. L(y’ ) = Max -{LCz), z € N(y)}; 

If L(y’ ) > 0 then x:=y’ ; L(y’ ):= -1 Else 
begin 

Delete (Q); GO TO 10; 
end; 
end; 

END. 

That Algorlth. MCBFS runs in linear tine Is shown In the following 


theorem. 

Theorem 5.2.2: Algorithm MCBFS takes O(n.m) time 
Proof: We implement MCBFS as follows: 


we maintain an array of Sets(l) for 0 ^ i^n-l for the front vertex of 
the ^eue Q, we store In Set.l) all nnnnnhered vertices which are adjacent 
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to the front vertex of Q and have L(.) = i. Initially the front of Q 
contains v and Set(O) contains all the vertices adjacent to v. we maintain 
the largest index J s.t. Set(J) is non-empty. To carry out a step of the 
search, we remove a vertex x from Set(j), number it, and enqueue it to Q. 
For each unnumbered vertex y in N(x), we remove y from Set(L(y)) to 
Set(L(y)+l) and update L(y) to L(y)+1. Then we add 1 to J, and while Set(J) 
is empty repeatedly decrement J. J may go down up to -1. Since deg(x) fc 
j-1, we charge the cost of manipulating J to x. since no vertex is charged 
more than once, the total time for manipulating J is Oil deg{x))= 0(n+m) 
time. Again when a vertex is removed from the front of the queue we have to 
maintain the array Set(i) for the new front vertex say x^ of Q. So we have 
to spend deg(x' ) time for creating the Set array for . So the total time 
for creating the array Set for all the vertices is 0{n+m). If we replace 
each set by a doubly linked list of vertices ( to facilitate deletion), the 

Algorithm MCBFS takes 0(n+m) time.| 

Finally we present an algorithm based on DFS to generate PEOs of 


chordal graphs. 

Algorithm IK3)FS: 

INPUT; A graph G. 

OUTPUT: An ordering a=(«(l), a(2), ,aCn)) of V(G) s.t. 

G iff G is a chordal graph. 


a PEO of 


METHOD: 

BEGIN 

For all V € V do 
L(v):=0; 

Choose an arbitrary vertex x € V; 
L(x):= “If Create Stack(S); 

For i:*n Down To 1 do 
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begin 

v:=x; a(i):»v; Add(S,v); 

For all w e N(v) do 

If L{w) fc 0 then L(w):= L(w)+1; 

10 If empty (S) then Stop Else 
y:* Top(S); 

choose a vertex y' e N(y) s.t. L(y' )= Max{ L(z). z € N{y)>; 

If L(y' ) > 0 then x:=y’; L(y'):= -1 Else 
begin 

Delete(S); GO TO 10; 
end; 
end; 

END. 

Now we show that Algorithm MOIFS runs in linear time. 

IheorMB 5.2.3: Algorithm MCDFS takes 0(n+m) time. 

Proof: We implement MCDFS as follows: 

We maintain an array L s.t. L(v)= the number of numbered vertices 

adjacent to v. v e V. For the top element v of S we sort the neighbours of 

V and in the set(v,i) we place the neighbours of v having L(.)= i. We 
maintain the total number of unnumbered neighbours of v and the indices of 
non-empty sets for v. To do this we have to spend 0(deg{v) time. To carry 
out a step of the search, we find the maximum J of set indices from the 

list of the set indices of v, and choose a vertex x from the set(v,j), and 

decrement T(v) by T(v)-1, T(set(v,j)) by T(set(v, j)-l. If set(v,J) is 
empty, then delete J from the list of set indices of v. To do this we have 
to spend at most 0(J) time. We charge this cost to the vertex x. Then we 
create set list, sets. T(x), T(set(x,i)) for all sets and if x' e (N(x) n 
N(v')) with L(v')» -1. then we delete x' from set(vM(xM) and decrement 
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T(v' ) by T(v')-1. So we have to spend at most 0(deg(x)) time. For the back 

tracked vertex x we check T(x)=0 or not to confirm whether N(x) contains an 

unnumbered vertex. If T(x) * 0, then we choose the largest index from the 

set indices of x. So we have to spend at most 0(deg(x)) time, we maintain 

an array CP s.t. CP(v) is the current parent of v. If we store each set 

using a doubly linked set, Algorithm MCDFS takes 0(n+m) time.| 

Next we show that any ordering of a graph G produced by LMCS is a PEO 

* 

iff G is chordal. To this end we need the following result due to Tar Jan et 


al 1129]. 


Lemma 5.2.4; [129]: Let G=(V,E) be a chordal graph and let a be an 

ordering of G. If a has the following property, then « is a PEO of G. 

(P) If a(u) < a(v) < a(w), uw € E(G),and vw 4 E(G), then there is a vertex 
X s.t. a(v) < a(x), vx e E(G), and ux 4 E(G). 

Theorem 5.2.5; Let G=(V,E) be a chordal graph. If a is an ordering produced 
by LMCS, then a is a PEO of G. 

IVoof: The only thing we have to show is that a has the property (P) of 
Lemma 5.2.4. Let u,v, and w be in V s.t. a(u) < a(v) < a(w), uw €E(G), and 
vw « E{G). Let a(v)=i. Since a(u) < «(v), there exists a vertex y s.t. y 6 
N{v), a(y) > a(v) and L(v,y) is maximum, where L(v,y)* w € N(v) s.t. 
a(w) > i }|. If u 4 N(y), then we take y=x, and x is the required vertex. 

Assume that u e N(y). Since a(u) < «(v). L(v.y) t L(u,y). hgaln «(u) < .(w) 
and uw e E(G) but vw < E(G). So there exists a vertex x s.t. a(x) > 1 and 


vx a E(G) and ux < E{G). Dow x Is the required vertex.| 

Note that Algorithms MCBFS and MCDFS follow from. Algorithm LMCS by 
replacing the set S In the IMCS Algorithm by a queue Q. and a stack S. 
respectively. So we have the following. 

Theorem 5.2.6; Let « be an ordering produced by either MCBFS or MCDFS. Then 


G is chordal iff « is a PEO of G. 
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5.3 A CcHoparative Study. 

To Bake our thesis self contained, we shall restate here the details 

of MCS and LEX-BFS algorithms due to Tar Jan et al [129] and Rose et al 
[114], respectively. 

Algoritha NCS: 

INPUT: A Graph G » ( y, E). 

OUTPUT: A numbering ( v, . v.,. . . . .v ) of V. 

1.4: n 

METHOD: 

BEGIN 

STEP 1: For every v € V(G) do 
MCSL(v):aO; 

STEP 2: For i:= n Dovm To 1 do 
Begin 

Choose an unnumbered vertex v having largest 
MC9L{v), ties being broken arbitrarily, and 
number it by v^^; 

For every w€N(v) do 
MSCL(w):=MCSL(w)+l; 

End; 

END. 


Algorithm LEX-BFS: 

INPUT: A Graph G * (V, E). 

OUTPUT: A numbering { v^, 

METHOD: 

BEGIN 

STEP 1: every v c V(G) do 

L^=(O,0, . . . ,0] , an array of length n 

entry of is 0; 


s.t. each 
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STEP 2: For 1:* n Dovm To 1 do 
Begin 

Choose an unnumbered vertex v having 
lexicographically largest ties being broken 

arbitrarily, and number it by v. ; 

"“1 ^ 
tJl=Ly[n+l-j], isjsn *) 

For every w € N(v) do 

End; 

END. 

Let U = tUj. u^.... uj and W = [w^. w^] be two arrays. Then 

^lox'^ either u^ > or there exists J s.t. for all 1*1, 

2, . . . , j and > Wj^j. W, iff u^*w^ for all i, isisn. 

Let a*(Vj,V 2 , . . . ,v^) be an ordering of V(G). For every i,J, IsKjsn, 
let DP(i,J)= min k, Jsk s.t. v^Vj^ e E(G), and BP(i,J)* max k, Jsk s.t. v^Vj^ 

e E(G). For every i,J , isKjsn, let MPN(v,,j)= |N(v, ) n {v„v. v }|, 

LEXPN{v^,J)= L^ jj, the array of length n, s.t. L^^ j) 1 if and 
'^i\ ^ otherwise L(i j)[k3=0, Isksn, MCDPNCv^.j)* [n-DP(i,J), 

^ ^ MCBPN(Vj,j)* [BP(i.J), iNCVgpj^ jj) n 

< •• Kjsk. LMPNy (Vj.j)* 

'0 if Vj^Vj^ < E(G) 

|N(Vj) n v^> I, otherwise. 

Let LEXPN(Vj,J)"^[k]*LEXPN(v^, j)[n+l-k]. isksn, and for every i,j with 
isKjsn. 

Any ordering of V(G) of a chordal graph G generated by the MCS 
(LEX-BFS,MCBFS,MCDFS,and LMCS) algorithm is called an MCS 
(LEX-BFS,MCBFS,MCDFS,and LMCS) sequence of G. 

We have the following easy propositions. 
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Proposition 5.3.1: Let a ‘ ordering of V(G) of a 

connected chordal graph G. Then the following are true. 

(1) a is an MCS sequence of G iff MPN(Vj_j,J ) a MPN (v^.j) for all 1 s i < 
J-1 s n-1. 

(2) a is a LEX-BFS sequence iff LEXPN (Vj_j, J)"^ja^LEXPN for 

every i, J with 1 s i < J-1 s n-1. 

(3) a is an MCBFS sequence iff MCBPN(v, ,,j) a MCBPN(v, , j), for every i,J 

J-l lex 1 

with lai<j-lan-l. 

(4) a is an MCDFS sequence iff MCDPN(v , j) a MCDPN(v , J), for every i,j 

X 1 6X X 

with l 2 !i<j-isn-l. 


(5) a is an LMCS sequence iff for every i,J with lsi<J-lsn-l there exists a 

icaj depending upon i and j s.t. LMPN (v. .,j)aLMPN (v,,j). 

k 

Note that every MCS sequence is an LMCS sequence, because for every 
i.J. any k s.t. Vj^ € (N(Vj_j)n{Vj,Vj^j v^}) will satisfy Proposition 

5.3. 1(5). 

Let Algorithm 1 = Algorithm MCS, Algorithm 2 = Algorithm LEX-BFS, 
Algorithm 3 = Algorithm MCBFS, Algorithm 4 = Algorithm MCDFS, and Algorithm 
5 = Algorithm LMCS. 

Let Sq be the set of connected chordal graphs. Let S^= { G e S^ s.t. 
every PEO of G can be generated by Algorithm i }, 1 s i s 5. Let S(i, j)= ( 

G € S s.t. every PEO that can be generated by Algorithm i can also be 

generated by Algorithm j and conversely), 1 s 1 < j s 5. 

As mentioned in the introduction, it is reported [57] that Sj and S 2 
are proper subclasses of Sq. Below we show that S^, is a proper 

subclass of Sq. 

PTopoBltlon 5.3.2: Sj. Wl^S, U a proper subclass of S„. 

fra that the PEO 2,3,4) of the graph G in 

Proof: It is easy to see that T.ne j 

* K „ rasar-ated bv Algorithm 5. So S,. is a proper subclass 
Figure 5.3.1 cannot be generated oy k 5 
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Of S„. 1 10 , spoclal oase of Algorlth. 5,101.4. .« 

S, is a pop .r subclass „f s„, 1.1.4, 

of of Flre,-e 5,3.1 canaot be geaaraled by Algorltb. 2. So Is a proper 

subclass ofSp. 

Alsoltlss.s reported [57] that 5(1.2) is a proper subclass of S^. 

Let G| jO=g^ of Figure 5.3.1, but (i. J)»t(2,3). Let ^=5^. 

and of Figure 5.3.1. Let =(1.2.3;4.5). 

^1,4"'^3,4 **^’^*' - «2 3=^2. 1,3, 4. 5. 6), and a 2 5=(1,2,3,4,5,6,7). Let 
^1,2“^1,3“®2,4'~*“^2'1*3*^*5). “i, 4=“3,4 “( 1,2, 5, 4, 3). ^2,3=tl-2,3,4,5.6), and 
5-(1.3.2,4.5 5,6,7). It is easy to verify that a, ,, and , are PEOs of 

^i.J ® *l.w J ^ generated by Algorithm i but not by Algorithm j, and 
^i,j can be ge-aenerated by Algorithm j but not by Algorithm i, lsi<js4, and 
(i.J)®(2,5). A. Again is a proper subclass of Sq. Thus we have the 
following Prop»c3osition. 


Propositions.: 3.3.. (i) s(i,j) is a proper subclass of Sq, for lsi,js5. 

(il) Algorithm *aa i is different from Algorithm J, lsi<js5. 

In view of Propositions 5.3.2 and 5.3.3, it is natural to ask to 
characterize Sj^, lsis5, and S(i,j), lsi,j<5. In this section we 
characterizes^^, isisS, and S(i,j), 1*1, js5 except 5(1,5). 

The proof^s of the following propositions are easy. 

Proposition 5 .3.4: If ‘ ’ ’'^n^ sequence of a k-tree G 

of order n, then 


MPN{Vj,J) sk for all i * j < n-k+1. 

Proposition ^^S.3.5: If ( ' " *^n^ ^ PEO of a k~tree G, then 

Gf/v V .V }] is a k-tree for all 1=1,2,. ., n-k+1. 

i’ i+r n 

Now we characterize S^. 

5.3.6: HLet G € Sj.Then |S(G)| a 2 and deg (s^) = deg (s^) for all s^. 


Sj e S(G). 
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Proof: For a complete graph G our Lemma is easily seen to be true. So 
assume that G is not complete. That. |S(G)| a 2 follows from Theorem 
1.4.2. If possible, let s^. Sj be in S(G) and deg(Sj) *deg(Sj), say 
deg(s^)>deg(sj). Let G*=G-{s^.Sj>. Then clearly G' is chordal. Let 

a-(a(l).a(2) a(n-2)) be a PEG of G' . Then ^=(^(l).^(2) p(n)) is a 

PEO of G where ^(1)= s^. 3(2)= s^, and 3(i)=«(i-2) for i, 3sisn. But 
MPNO(2).3)= deg(Sj) and MPN 0(1). 3) = deg(Sj) if s^Sj < E and MPNO(2).3) 
=deg(Sj)-l and MPNO(l).3) = deg(8^)-l If s^Sj € E. So in both cases 
MPNO(2).3) < MPNO(l). 3). Hence by Proposition 5.3.1(1). 
0(1),3(2). . . . .3(n)) is not an MCS sequence of G. This contradicts the fact 
that G € S 2 . Hence deg(Sj)=deg (Sj) for all s^, Sj in S(G).| 

Lemma 5.3.7: If G € S^. then G-v e S^. for every v e S(G). 

Proof: Assume that G-v « S^. for some v 6 S(G). Let a'= v^_j) be 

a PEO of G-v that cannot be generated by MCS. Then clearly the PEO 
a=(v,Vj.V 2 , . •v^_j) of G cannot be generated by MCS. So G < Sj, which is 
absurd. I 

Along the same line we can prove the following Lemma. 

Lemma 5.3.8: If G € Sg, then G-v e Sg for every v e S(G). 

TheoriHB 5.3.9; G € S^ iff G is a k-tree for some k t 1. 

Proof: 

Sufficiency : Let G be a k-tree. Let a=(Vj.V 2 , . . ,v^) be any PEO of G. 

We claim that a is an MCS sequence of G. First note that by Proposition 

5.3.5 G[{v , ,,v is a complete graph on k vertices. So 

n-lc+l n-jc+z n 

k 1’^ k+2’‘'*'^n^ chosen by MCS algorithm as an end partial 

initial sequence, we apply induction on i, where n-k+1 i 1 fc 1 to establish 

our claim. For i = n-k+1, our claim is true. Let us assume that (v^, 

V V 1 1 < 1 < n-k+1. has been chosen by MCS. Now by Proposition 

''i+i’*-’V’ 

5.3.5. v^>l is a k-tree. so MPN(Vj.,. 1) - k. Again by 
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prop>osition 5.3.4, MPN(Vj,l) s k for any MCS sequence of a k-tree for every 
Kn k+1 and J < 1. So can be chosen by MCS algorithm as the next 

vertex, i.e, . . . ,v^) can be chosen by MCS Algorithm as the end 

partial Initial sequence. Hence, by Induction principle, a is an MCS 
sequence. Therefore G e S^. 

Necessity: 

Let G € Sj. Let V € S(G), and let deg(v) = k (fel). We claim that G is 
a k— tree. We prove this by induction on n, the order of G. If G is complete 
or n = 2, 3 it is easy to check that G is a k-tree. Assume that our claim 
is true for all G e having fewer than n ( >3) vertices. Let G e S^ and G 
has n vertices. Then by Lemma 5.3.6, and by Theorem 1.4.2 there exist two 
non adjacent simplicial vertices u and w of G s.t. deg(u) = deg(w) * deg(v) 
= k. Let G'- G-u. Now as u and w are non adjacent vertices of G, the 
degree of w in G' is k. Also by Lemma 5.3.7, G'€ Sj. So by induction 
hypothesis, G' is a k-tree. Since u is a simplicial vertex of G and deg(u) 
* k, G is a k-tree .||| 

Theorem 5.3.10: G e Sg iff G is a k-tree for some k al. 

Proof: The sufficiency follows from Theorem 5.3.9 as Sj S Sg, because MCS 

is a special case of LMCS. 


Necessity: 

Let G 6 S . Let V € S(G), and deg(v)=k. We claim that G is a k-tree. 
vie induct on n, the order of G. For n.2,3. and 4 It Is easy to check that 
our clal. is true. Assuae that our clal. is true for all G . Sj having less 
than n vertices. Let G e Sj be of order n. If G Is ccplete It Is a k-tree. 
Assuae that G Is non-coaplete. So by Theorea 1.4.2, G has two non-adjacent 
slapllclal vertices, say k y. Let deglk) -kj and deglyl^k^. By Leaaa 
S.3.8, G-x e Sj and G-y e Sj. So by Induction principle, G-x Is a k^-tree 
and G-y Is a kj-tree. If G-{x,y> Is not coaplete, then kj-k^, and G Is a 
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k-tree. If G-{x,y} is not complete, then either N(x) C N(y) or N(y) fi N(x). 

In this case, if possible let * k^. Wig. k^ < k^. So N(x) c N(y). Let 

a=(Vj,V2 , . . . ,v^_2) be a PEO of G-{x,y}. Then a’= ( y,x,Vj,V2, • • • . v^_2) is a 

PEX3 of G that cannot be generated by LMCS, which is a contradiction to the 
fact that G € Sg. So kj=k2=k, and G is a k-tree. | 

Lemma 5.3.11: Let S= ^2^,22 Zj^} be a minimum cardinality cut set of G. 

Let Gj,*(V^,Ej^) , Isisr, rfcZbe the connected components of G-S. If G « 
Sj, 2 s J s 4, then |Vj^| * 1 for all 1, 1 s isr. 

Proof: We prove the Lemma for G e S2. For G e S^, and G € S^, the Lemma can 

be proved in similar lines. 


Assume that G e S2. If possible, suppose some Gj^ has more than one 
vertex. Wig, we may assume that G^ has more than one vertex. So we can 
find n PEO .= (v„. ^ of G 

Where € V^,, 1 s i s r, 1 s j s m^, and |Vj^|=mj^. Now (v^^, ^^ 2 ’"” 

''l.j-r ''zr''22 ’z-j ''rl ''rm/ “ ”” 

Of G. Since v^^ € G^, there exists a vertex v^^, 1 s j s m^-l, s.t. 


IJ 


' 22 * • * • 

•''z.j-- 

■ ' ’^^rl’ ■ ‘ ’ 

r 

ss V 

Let Vjj «Vj^ 

n-k-l 

rmr 

as r 

2: 2. 

So by 


Proposition 5. 3. 1(2), the above sequence is not a LEX-BFS sequence of G. 

contradicting the fact that G e S^. Thus |Vjl-l, 1 a 1 «.I 

Next we characterize S.. Zalrf. To this end we need the following 


definition. 


A k-tree G is called a p-k-tree if lS(G)j=n-k. 

^ c o. G € S 2 s J iff G is a P-k-tree for some k fcl. 

Theorem 5.3.12: b € ^ j 

a.v The proofs for the cases j=3 and j=4 

Proof: We prove the theorem for J-2. The proo 


go in the same lines. 
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Necessity : 

Let G c Sg. let S be a minimum cardinality cutset of G and |S| ■ k. We 
claim that G Is a p-k-tree. Now by the minimality of S, G[S] is a complete 
graph on k vertices. Let Gj^, Isisr, rt2be the connected components 
Lemma 5.3.11, each Gj^ has exactly one vertex. Since S is a 
minimum cardinality cutset of G deg(v) fc k for all v g V. So G is a 
p-k-tree. 

Sufficiency : 

Let G be a p-k-tree of order n with S = {Zj, 7 .^ Zj^}, the set of 

all vertices of degree n-1. Let V-S = {Vj, 2 ' ' ‘ n-V. ^ 

is of the following type: 


'VD" Vz) '’.(n-k-ir V-" yk^i’ "*“™ n- >'2 W® 

permutation on { Zj, Z2 , . . . , Zj^, )■ said s is a permutation on {1, 

2,.., n-k}. It can be easily seen that the above secjuence is a LEX-BFS 

sequence of G. This completes the proof of the sufficiency.! 

Lenma 5.3.13; Let G be a connected chordal graph having no induced path of 


length 3. Let S be a minimum cardinality cutset of G. Let G^CV^^.E^), isisr, 
r*:2 be the connected components of G-S. Then each v € Vj^, 1 siasr, r^2 is 


adjacent to every vertex of S. 

Proof: We claim that each vertex of G^. isisr, rfc2 is adjacent to every 
vertex of S. If possible, there exists some Gj s.t. v e Vj^ and vz € E(G) 
for some z € S. Since each vertex of S is adjacent to some vertex of G^,l s 
i s r, G’=G[Vj^u {z}] is connected. Let P be a shortest path from v to z in 
G*. Let w € Gj, i j be s.t. zw € E(G). Existence of such a vertex is 
assured by the fact that r fc 2 and by the minimality of S. Mow P u { zw } 
is an induced path of l««th at least 3. This contradicts the fact that C 
has no induced path of length 3. Thus our olal. Is established .| 
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Theorem S.3.14: G € Sfl 9) r v ^ , 

I t^) Iff G Is a chordal graph and G does not contain 

as an induced subgraph. 

Proof: Necessity: 

If possible, suppose x, x^, y^, y be an induced path of length 3. Let 

' be an MCS sequence of G s.t. v * y, and v , = x, . Note 

“ n '1 n-1 1 

that such an MCS sequence can always be constructed. Let x®Vj^, and y^j> 
i > J, then a is not a LEX-Bre sequence of G as xy^ t E(G), but yy^ € E(G). 

So assume that i < J. Now construct an MCS sequence a'»(v', v^), 

where =Vn_i. v^, and v' = v^. i * n,n-l. Then clearly a' is an MCS 

sequence but not a LEX-BFS sequence as above. This contrad.icts the fact 
that G e S(l,2). Thus G has no induced P.. 


Sufficiency ; 

Let G be a connected chordal graph with n vertices having no induced 
path of length 3. We claim that G e S(l,2) . We prove this by induction 
on the order of G. If G is complete or n=2,3, our claim is easily seen to 
be true. Let G be a connected chordal graph of order n having no induced 
path of length 3. Let Gj^, isiar, rfc2, be the connected components of G-S, 
where S *<z, ,z,, . . . ,z^. } is a minimum cardinality cutset of G. Then by 
Lemma 5.3.13 and by the minimality of S, deg(s) = n-1 for all s e S and 

deg(v) < n-1 for all v e V-S. Let (v^, v^ be an MCS sequence of 

G. Then the last k+1 vertices of the above sequence contains a vertex of 
G . for some J . 1 s j s r. say of Gj. Then “'“^Vk-m.+l Vk+1 


V ) is an MCS sequence of H,=G[V u Si, where m^ is the 
n ^ 


number of vertices 


of Gj. Let 

which they appear in a," 

'^n-k-mj ’ '^ii( 1 ) ’ ‘ 5 
induced path of length 3. 
is a LEX-BFS sequence of 


s.t 


is 

by 

G'. 


V ,, be the order of the vertices of S in 
it(k) 

. n(i) < «(J) if i < J. Then (v^, . 

an MCS sequence of G'» G[ V-V^]. As G' has no 

the induction hypothesis, the above sequence 
Also by the induction hypothesis, 
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.v^) is a LEX-BFS sequence of H^. It can be easily seen from the 

structure of G in terms of G Is U r. that (v . .v ) can be 

1 n-k-m^+l n 

chosen as the final partial LEX-BFS sequence of G, i.e. there exists a 

LEX-BFS sequence B of G s.t. (v v ) is the last m,+k vertices 

n n 1 


of fi. Since LEX-BFS priority of the vertices 

of S' 

* {v . , 




n-k-m^ 


Vj} depend only on z^. Zj^ and on 

S’. 

(v^ . ^2* * * * p 

V ) is a 

n 

LEX-BFS sequence of G as z ,,,, z 

ltd) ii(2)’ 

^n(k) 

appear in 

the same 


order as they appear in (v . v ). So the above sequence is a 

n-K-iUj^+l n 

LEX-BFS sequence. By a similar argument it can be shown that every LEX-BFS 

sequence of G is again an MCS sequence of G. This completes the proof of 

the sufficiency.! 

Let a*(Vj, '^2’”'’'^n^ ^ MCBFS sequence of G. For every Vj^ e V, 

let P (v, )=v, if V. is numbered while v, is in the front of the queue in 

a I J 1 j 

the MCBFS Algorithm. We take v^. Note that Pj^Cv^)= v^ iff j is the 

largest index s.t, ® E(G). Define a rooted tree T(a) of G w.r.t. a as 

follows; V(T(a))= V(G), and E(T{a))= { VjP^(Vj). 1 s 1 s n-1 >. and 

root(T(a))» v^. Define L{v^)= 0, and L(v^)* L(P^(Vj^)) + 1, i s i s n-1. 

Before characterizing S(2,3), we first present some observations on 


T(a). 

Observation 5.3.15: Let v^ and Vj be in V(T(a)) s.t. L(Vj)= L(Vj). If v^v^ 
€ E(G) and i > J, then v^P^(Vj) e E(G). 

Pr<K.f= Since 1 > J. either P^(v^) = P,(Vj) or «(P^CVj)) > «(P.(Vj)). If 
p^(Vl)eP^(v ). then clearly VjP^(Vj) a E(G). Aaanme that P^(v^) « P„(Vj). 
Let Qj(v„. *i) and QjCv^. Vj) be the paths fro. to and to Vj In 
T(.). respectively. Then C <J,(v„.v^) v Q^lv^.Vj) vi < v^Vj) .111 contain a 
chord less cycle of length at least four If ViP„(Vj) « E(G). This 
contradicts the chordal ity of G.J 
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Since T(a) is a BFS tree, we have the following: 

Observation 5.3.16: For every v v e EfCi I t r ^ . m 

y VjVj e E(G), I L(Vj) - L(Vj)| s 1 . 

The following result characterizes S(2.3). 


G € S(2,3) iff G Is a chordal graph and G does not contain 
any v ( P^+v is obtained by taking a vertex v and Joining it to every 
vertex of a P^) as an induced subgraph. 


Proof ; Necessi ty : 


Assume that G contains a P^+v as an induced subgraph. Let x, 

4 ^ ^ 4 **'^* ‘ ^ sji MCBFS sequence of G. 

Such a sequence can be constructed as {y^.x^.v} induces a complete subgraph 

of G. Let x- Vj, and y = Vj. If i > j, then clearly « cannot be generated 
by LEX-BFS as yy^ € E(G) but y^x « E(G). So assume that i < J. Let a'* v^. 

'^i+l’*‘‘* ^J’^l’^l’'^' Since Vj^v € E(G), euid a’ is obtained from a 

subsequence of a by interchanging the positions of Xj aund , we can get a 
MCBFS sequence B s.t. B(k) = a'(k), i s ks n. Now clearly p cannot be 
generated by LEX-BFS algorithm. 

Sufficiency: 

Let G be a P^+v free chordal graph having minimum number of vertices 
s.t. G « S(2,3). 


Case 1: There exists an MCBFS sequence, say a = (v. ,v-, v ) which is 

lb tx 

not a LEX-BFS sequence. 

Let i be the largest index s.t. v^ cannot be chosen by LEX-BFS. By the 

choice of G, 1=2. Now MCBPN(V2,3) e MCBPN(Vj,3) but LEXPN(v2,3) < 

LEXPN(v ,3). Let P (v.,) = v, , Since a is not a LEX-BFS sequence we can 
1 cc Z 1 

choose V 8.|| J is the largest index s.t. v^v^e E(G) but v^v^ « E(G). 

Again MCBPN(v2.3) t MCBPN(Vj,3). So there exists with largest index k 

s.t. E(G) but Vj^Vj « E(G), since P„Cv 2 )=v^, i > J > k. Again Vj can 

be chosen so that v v, € E(G), and s > J implies v v e E(G). Note that 

Si 
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. Is an MCBFS sequance. Slnqa Vj and ara slmpllclal 
vartlcaa of G and G-v,, raapactlvaly, a e(G) and a E(G). Now VjV^ 

«>d v^v, cannot alaultanaously baton* to ECG), othanwlaa v^.v^.Vj.v^ will 
for. a chordleas 4-cycla. Again If althar 0 , 0 ^ a E(G) or VjV^ a EIG). than 

GKVj.Vj.v^.Vj.VjlI Hill be isomorphic to a P^*v. So neither VjV^ * E(G) 
nor VjVj^ € E(G). 


Subcase 1(a): L(v,) = L(v.) = L(v ) 

^ J k 

'^k' observation 1, e E(G), and 

If will be isomorphic to P^+v, 

So assume that if VjV|^ e E(G). then G[{Vj,Vj^,v|^.Vj,v^)] will be 

isomorphic to a P +v. So assume that v v' t E(G). Now v'v' e E(G), 

J K J 

otherwise ^ ^ will contain an induced 

chordless cycle of length at least 4, where Q, (v' v ), and a>(v/,v ) are 

1 J n ^ k n 

paths in T(a) from to v' and v|^, respectively. Then 

will be isomorphic to a P^+v. 

Subcase 1(b); L(Vj^) = L(Vj^)+l. 

Supix>se P (v. )=v, . By the choice of G, there exists s s.t. v v, e ECG) 
OC iC X S jC 

but V V € E, and i > s > J. Now v.v € E(G) as v is a simplicial vertex 
S 4Q X S iC 

of • I'®f “ '^s' '^s'^i ^ fl^® cl^oic® ®f 

Vy VjVg « E(G). So is isomorphic to a P^+v. Assume 

that Pj^(Vj^) = 1^®" ^ “ L(Vj^), Let P^^Cv^) = 

Vj^". Then clearly Vj“v|^ € E(G) and v^v'. So G[{ .v|;..Vj^,Vj, v^}] is 

isomorphic to a P^+v. 


Subcase 1(c): L(Vj) = L(Vj) = L{Vj)+l. 

If P^CVj) = v' and v's^ v^, then G[{P^(v^),v' .Vj.Vj.Vj^}] is isomorphic 

to a P.+v, as P (v,)v' € E(G), and v v' So assume that P^(v ) = v^. So 

P^(Vk)»Vi. So there exists v^ s.t. v^Vj^ € E(G), v^v^ < E(G), and i > s > j. 

If L(v ) = L(v,), Then wig, we may assume that P^^Cv^) * Vj(otherwise we 
s J 



162 


will consider v^.Vj.v^.Vj). Then , 

to a P^tw. So LCv^) e L(Vj)*l. Ttien G(< P„(v^).Vj,v^ 

to a P^+v. since < E(G). as v,v t E(G). 

1 s 

Case 2: There exists a LEX-BFS sequence a =( Vj.Vg, . 
MCBFS sequence. 


geVi.Vj^}] is Isomorphic 
,Vj^, Vg}] is isomorphic 

. . , V ) s. t. a is not an 
n 


Let i be the smallest index s.t. a’=(v,, v,_ v ) is an MCBFS 

1 1+1 n 

sequence of v^}]. By the choice of G, 1»3. 

So MCBPN(v 2,3) < MCBPN(Vj,3) (1). 

But LEXPNCv^.S) a LEXPN(Vj.3) (2). 

So by (1) LEXPN(v-,3) > LEXPN(v ,3). Now consider p =(v_,v, ,v.,, — .v ). 
Now B is an MCBFS sequence which is not a LEX-BFS sequence. So by Case 1, G 
will contain a P^+v as an induced subgraph contrary to our assumption. 
Hence the result. | 

Theoren 5.3.18: G € S(3,4) iff G is a chordal graph and G does not contain 
any P^ as an induced subgraph. 

Proof; Hecessity: Assume that P= x.Xj.y^.y be an induced P^ of G. Let « = ( 

V, ,v-,...,v _,x, ,y. ) be an MCDFS sequence of G. Let x*v, , and y*v,. If i > 
1’ 2 n-2' 1 ■'1 1 J 

J, then a cannot be generated by MCBFS as xy^ < E(G) but y^ye E(G). So 

assume that i < J. If v y, E(G) for some s,n-2 s s s J, then a cannot be 

generated by MCBFS, because Vj e NCy^) but t NCy^), and J < s. Again 

V X € E(G) and v y. e E(G). So we can construct an MCDFS sequence B 
n-2 1 n-2 1 

s.t. B(k) = a(k) for all k, i s k s n-2, B(n-l) = y^ and B(n)* Xj. Now as 
above B cannot be generated by MCBFS Algorithm. 


Sufficiency; 

The sufficiency follows in the same line as in the sufficiency of 
Theorem 5.3.14.| 

Theory 5.3.19! G * S(l,3) Iff G Is a chordal graph aad G does not contain 
any as an induced subgraph. 
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Pt'OOf Z Necessity; AssnmA that P— v vr . v 

tnat P-x,Xj,yj,y be an Induced of G. Let a= 

''n-a’^l'-^l^ be an MCS sequence of G, Let x=Vj, and y=Vj. If 1 > 

J. then a cannot be generated by MCBFS as xy^< E(G). but yy^ € E(G). So 
assume that i < J. Then a ‘ generated by MCS 

but cannot be generated by MCBFS as above. 

Sufficiency; 

This follows in the same lines of Theorem 5.3.14.| 

Proposition 5.3.20: If G e 8(1,4) then G-v e SCI. 4) for every v € S(G). 
Proof: If not, let G-v S(l,4). Suppose there exists an MCDFS sequence 
«'*(’Vj , V2. . . . ,Vn_j ) which is not an MCS sequence. Let min{a' (x) s.t. x € 
N(v) }*k. Now construct an MCDFS sequence a from a' by suitably 
incorporating v s.t. a(v) < k. This is possible since N{v) S N(x) for all x 
€ N(v). Now clearly a is not an MCS sequence since a(x) < k. So G d S(l,4), 
which is a contradiction to our assumption. If there exists am MCS sequence 
of G-v which is not an MCDFS sequence, then using a similar method as 
above, we can show tliat G i S(l,4).| 

Theorem 5.3.21: G € S(l,4) iff G is chordal and G does not have any P^ as 
an induced subgraph. 

Proof: Necessity: If not. Let G have a P^ as an induced subgraph. Let 
S={Zj,Z2. • . • .Zjj} be a minimum cardinality cut set of G. Let Hj={Vj,Ej^), 1 s 
Isr, rfc2 be the connected components of G-S. Let Gj=G(Vj^uS], isisr. In view 
of Proposition 5.3.20, wig, we may assume that r=2, lV2|=l, |Vj|*2, and 
contains a vertex, say V2 s.t. there exists a vertex of S, say z^ s.t. V2Z^ 
« E(G^). The existence of V2 is assured since G has an Induced P^. Since 
|S|=k. deg(v) t k for all v e V(G). Let V^“<Vj,V2>. Now the 

MCS sequence a, where ^1*^2’ ‘ ‘ ' ’^i-l’^i+1’ * ' cannot be 

generated by MCDF^ Algorithm as z^V2€ E(G). So G has no induced P^. 


Sufficiency: 
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The line of proof Is that of Theorem 5.3. 14. | 

Theoraii 5.3.22; G € S(4 5) iff r ^ i 

* G Is chordal and G does not contain any 

as an Induced subgraph. 

Proof: Necessity follows from the fact that MCS is a special case of LMCS, 

and sufficiency goes in the same lines as that of Theorem 5.3. 14. | 

Theores 5.3.23. G € S(3,5) iff G is chordal and G does not contain P. as an 

4 

induced subgraph. 

Proof: Necessity: This follows from the fact that G e S(l,3) implies G is 
^4 f*"®® and every MCS sequence is an LMCS sequence. 

Sufficiency: Let G be a free chordal graph. Then G e S(3,4) and G e 
S(4,5), whence G e S(3,5).| 

Theorem 5.3.24: G e S(2,5) iff G is chordal and G has no P. as an Induced 

4 

subgraph. 

Proof; Necessity: Same argument as in Theorem 5.3.14. 

Sufficiency: Let G be a chordal graph free from P^. Then G € S(3,5) and G € 
S(2,3). So G € S(2.5).| 

Theorem 5.3.25: G € S(2,4) iff G is chordal and G contains no P^ as an 
induced subgraph. 

Proof: Necessity: Same argument as in Theorem 5.3.14. 

Sufficiency: Let G be a chordal graph s.t. G contains no P^ as an induced 

subgraph. Then G € S(2,3) and G € S(3,4). So G 6 S(2,4).|| 

We are unable to characterize S(l,5). However, below we show that 

P — f ree chordal graphs are a subclass of S(l,5). 

4 

Theorem 5.3.26: If G is a chordal graph and G does not contain any P^ as an 
induced subgraph, then G € S(l,5). 

Proof: Since G is a chordal graph and G does not contain any P^ as an 
induced subgraph, G e S(l,2), and G € S(2,5). Hence G 6 S(l,5).| 

We are unable to chararacterize S(l,5) and left this an an open 
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problem. 

Now we indicate linear time recognition algorithms for the classes 
S(i), 1 s 1 s 5. The class of k-trees can be recognized in 0 (n+m) time. For 
example, the following Lemma, whose proof is easy, gives a linear time 
recognition algorithm of k-trees. 

5.3.27: Let G be a connected chordal graph and let (Vj,V 2 ^ 

a PEO of G. Then G is a k-tree iff deg ^tVj)=k where G*^ * &[•{ Vj^, • • • > 


V >3, 1 ^ i * n-k+ 1 . 
n 

Now we have the following result . 

Theorem 5.3.28: The class and can be recognized in 0(n+m) time. 

The following lemma whose proof follows from the definition of 

p-k-trees, gives a characterization of p-k-trees. 

5.3.29: Let G be a connected graph of order n. Let S - {v € V s.t. 
deg(v)=n-l >. Then G is a p-k-tree with k a 1 iff | S | = k and for all 

V -S, deg(v) = k. 

, 4 ft- Inn nf the above lemma can be tested in 0 (n+m) time. 
Since the condition of the aoove leuuu 

we have the following result. 

1 c Q and S can be recognized in 0 (n+m) time. 

Theorem 5.3.30: The classes S 2 .S 3 and c 

a linear time algorithm to recognize 
Corneil et al [30] have suggested a linear 

..e .ap.. Havens ao pata o. ..ta .aPae «» .rap^s sae.3.^ 

Usin* tMs fact an. the tact ««t cenaectehness an. chordattty c a 

han he teste, fa CCa«. ttae, »e ha,, the fottoata* result. 

S.3.3. The ctass S,t.3., * > -pt SU.S,. an. SU,3, caa 

he recognized in 0(n+m) time. 

. graph can be recognized in linear time, we can 

Since P.-free chordal grapn t- 

a . 1 araphs ta 0 (a.) tl«. Se we have the followla* 
recogalae P,*v-fr.e graphs 


result: 

Theorem 


5.3.32; The class 


S(2,3) can be 


recognized in 0 (nm) time. 
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5.4 Haallionian Elimination Orderings And Jump Number: 

Let a *= ( Vj, ''^2* ■ ■ ■ ^ ^ ® chordal graph G. The jxunp 

number J(a) is the number of consecutive pairs of vertices in a which are 
nonadjacent in the graph G. The Jump number J(G) of a chordal graph G Is 
min { J(a) : a is a PEO of G }. A PEO a for which J(a) * J(G) is called a 
Jump sequence of G. 

Recall that S{G) is the set of all slmplicial vertices of a chordal 
graph G. Note that in a non-complete k-tree G, no two vertices of S(G) are 
adjacent and each vertex of S(G) has degree k. Now define a relation R on 
S(G) by u R V, u,v € V, iff either u = v or uv 6 E. Clearly the relation R 
is an equivalence relation on S(G). For v € SCG), denote [v] by the 
equivalence class containing v. The number of equivalence classes of S(G) 
under R is denoted by e(G). 

Jamison and Laskar [76] proved that J(G) a e(G) - 2 for a chordal 
graph G and showed that there are chordal graphs for which e(G)-- J(G) is 
arbitrarily large. However, they proved in [76] that for a tree T, J(T) 

e(T)-2. 

In this section we present two characterizations of H-perfect k-trees. 
He prove that for a k-tree. J(G) = e(G) -2. which extends the result for 
1-trees due to Jamison and Laskar [76]. We also present a linear time 
algorithm to find the Jump number and a jump sequence of k-trees. We then 
present a polynomial recognition algorithm for H-perfect chordal graphs. 

To this end we first introduce some new concepts and prove some 


results on k-trees. 

A k-tree G of order n Is called a p-k-tree If G has exactly k vertices 
Of degree n-l. A graph G of order n Is called a nearly p-k-tree If it has a 
(k.l)-cllque C and the re».lnlng (n-k-1) vertices are Joln«i to exactly k 

, .. fViocsa k vertices of G s.t. there exist three 

vertices of C and only to these k vertices 
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vertices, say v^.v^. and outside C with NCv^) * N(Vj). 1 s i < J s 3. 

Lrama 5.4.1: [76]: For a chordal graph G. e(G) s e(G-v), for every v e 
S(G). 


Leoma 5.4,2: Let G be a k-tree and H be an induced sub k-tree of G. If S(G) 

C VCH), then H » G. 

Proof ; The proof is by induction on n, the order of G. If G is either 

complete or n=k or k+1 our lemma is easily seen to be true. Let G be a 

k-tree with n (n a: k+2) vertices. Let u be any simplicial vertex of G. Now 

d(u) = k. As S(G) £ V(H) and H is a k-tree, u is a simplicial vertex of H 

and Nj,(u) C V{H). Hence S(G-u) £ V(H-u). Therefore by the induction 

principle, H-u = G-u, whence H = G.| 

Let G be a k-tree of order n and H be an induced sub k-tree of order 

lij of G. The graph G is said to be constructible from H if there exists a 

PEG a *(v, , V V ) of G s.t. the end partial sequence ( v^_j^ 

1 ^ n ^ 

V ) of length n, is a PEO of H. In this case a is said to be a constructing 
n 1 

PEO of G w.r.t. H. 

Remark 5.4.3: If G is constructible from H, then given any PEO 3 
(w , w ) of H, one can find a constructing PEO a - (v^, 

Vnj*l - “l- * * "l- 

LaaOi 5.4.4: Let G be a k-tree and H be aay Induced sub k-tree of G. Then G 


is constructible from H. 

Proof: For n=k or kn It can be easily checked that our lemii« Is true. Let 
G be a k-tree on n vertices (n a kt2) and H be any Induced sub k-tree of 
C. If S(G) 5 V(H), then by leaaa 5.4.2, G - H. So G Is constructible fros 


w 4- vfHl Let V € S(G)-V(H). Then G-v is a 
H. Suppose S(G) is not a subset of V(H). Let v 

. j A enh v-tree of G. So by induction principle, G-v 
k-tree and H is an induced sub k tree oi u. 

f„ „ V ) be a constructing PEO of 

is constructible from H. Let a -(Vj, 2* n-1 

V ) is a constructing PEO of G 

G-v w.r.t. H. Then ^ = (v. Vj, V 2 
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w.r.t. H. Therefore G is constructible from H.| 

The following result of Proskurowski [14] is a special case of Lemma 
5.4.4. 


CoroU«-y 5.4.5I.031: Any k-ca,„, ^ can nasls of G. 

^'^1’ '^2' ' * ■ ’ ^ * chordal graph G. We denote 

. . . , Vj, ) by a(i), and by a[i] . 

Let G be a chordal graph and v be any simpliclal vertex of G. Let a ={ 
Vi* v^) be any PEO of G. Define Lg(a) = s if there exists s s 

n-1 s.t. e E for all i,l s i s s-1 but « E . Otherwise L^(a) 

» n. We define Lg(v)= Max { Lg(a) s.t. a[l] = v}. 

Note that if a is an HEO of G, then Lg(a)=n, and if further a[l] = v, 
then Lg(v) = n. We call a chordal graph G with e(G) & 3 an extremal chordal 
graph if J{G) = e(G) -2. 

The following proposition follows from the fact that J(G) s e(G)-2 for 
a chordal graph G[76]. 

Proposition 5.4.6: Let G be a chordal graph. If e(G) = 2, then G is 
H-perfect. Moreover, any simplicial vertex can be made the starting vertex 
of an HEO of G. 

Lemma 5.4.7: If G is an extremal chordal graph, then any simplicial vertex 


can be made the starting vertex of some jump sequence of G. 

Proof : Let G be a chordal graph of order n and e(G) = m t 3. Let v^ € S(G) 
and Lq(Vj) = m^. Let a be a PEO of G s.t. Lq(oc) = m^ and a[l] = v^. Let 
a(mj) = ( Vj, Vg,..-. ) and G' = G - { v^, e(G’ ) = 

e(G)-l. If « > 3, then G' is an extremal graph, because if J(G’ ) < e(G') -2 
and P is any Jump sequence of G^, then the concatenation v — (ocCm^), p ) is 
a PEO of G with J(r) s e(G) - 3. Let v"j be a simplicial vertex of G' and 
let L^,(v^) - m 2 and be a PEO of G' s.t. a^Cl] = V 2 and Lg, (a^) = m 2 . 
Let ai(m 2 )=( v"^, v "2 v" Define G^ = G^- { v"^, v "2 
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Then 6(0)*= e(G) - 2. Also is extremal If n > 4. The above procedure 
gives a graph G s.t. e(G ) ~ 2, which is H-Perfect by Lemma 5,4.6. Let 

“■-1 ^ clearly a *( aj(mj),a 2 (m 2 J *m-2^“m-2^’ 

^ Is a PEO of G and J(G)= m-2. Since G is extremal, a is a Jump 
sequence of G starting from v^. Hence the result. | 

Proposition 5.4.8: The class of H-perfect graphs is not closed under vertex 

induced subgraphs. 

(kl 

Proof: Let G^ be a p-k-tree with (k+3) vertices with simpllcial 

vertices u, v, and w. Add two new vertices x and y to Gj(k) and Join x to 
all vertices but w, and y to all vertices but u. Then G{k) is H-perfect as 
(w, y, v, X, u, Sj, S 2 ,...,Sj^) is an HEO of G(k), where S = {Sj^, 1 s i s k> 
is the set of vertices of G^^^^ of degree k+2. But \ an induced 

subgraph of G(k), is not H-perfect. | 

In view of Proposition 5.4.8 it is not possible to characterize 
H-Perfect graphs in terms of minimal forbidden subgraphs. However, Theorem 
5.4.10 gives a minimal forbidden subgraph characterization for H-perfect 
k-trees. Also there is no good relation between J(G) and e(G) for general 
chordal graphs. In Iheorem 5.4.13 we prove that J{G) = e(G)-2, for every 

k-tree G. 


Lemma 5.4.9: 


Let G be a k-tree. Let H be any induced non-complete 


sub k-tree of G. Then j S{H) | s |S(G)j. 

Pr«,f= AS H is non oonplets k-tree. lS(H)| = e(B). Again G Is construotlble 
from H by Le»« 5.4.4. Ut the order ot H be n, and that of G be n. Ut . * 

, „ V ) be any constructing FED of G w.r.t. H. Then by 

(''!• ''2 Vnj V ” 

Le™a 5.4.6. |S(G)| - e(G) a e(G-v,)a .(G (Vj. 1 

V » .e(H) s I S(H)|. So |S(H)1 s 1 S(G)|.| 

''2 n-Hj ' 

v-tree Then, the following are 

Iheore. 5.4.10= Ut G be a non-ooapl.t. k tree. Ih 

equivalent. 
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(a) G is H"-Perf6ct. 

(b) j S{G) I « 2. 

Cc} G bss ndthicr* 2 t p““lc""tr©© wifK xi 

y e with (k+3) vertices nor a nearly p-k-tree 

with (k+4) vertices as an Induced subgraph. 
id) e{G) « 2. 

Proof : (a) # (b) 

Let G be an H-Perfect non-complete k-tree. We prove | S(G)| = 2 by 
induction on the order n of G. For n = k+2, | S(G) | = 2. Let us assume 
that I S(G) j * 2 for every H-Perfect k-tree G with fewer than n ( m k+3) 
vertices and let G be an H-Perfect k-tree with n vertices. Let (v. , v„,..., 

X b 

v^) be an HEX) of G. Let G'=G-Vj. Now G’ is a k-tree and it is noncomplete 
as n a k+3. Hence by induction principle |S(G')| = 2. since v^v^ e E and 
is a simplicial vertex of G', |S(G)| = 2. 

(b) ^ (c) 

Let G be k-tree with | S(G) | * 2. If possible, let G contain either a 
p-k-tree with (k+3) vertices or a nearly p-k-tree with (k+4) vertices as 
an induced subgraph. Let it be H. By Lemma 5.4.9, 3 = |S(H)| s |S(G)|. So 
|S(G){ a 3, a contradiction. 

(c) ^ (a) 

Let G be a k-tree free from p-k-tree with (k+3) vertices as well as a 
nearly p-k-tree with (k+4) vertices. We claim that G is H-Perfect. To prove 
ouj* claim we need the following intermediate result which we state as 

’ Fact’ . 

Fact: For any simplicial vertex v of G, N(v) contains a simplicial vertex 

of G'=G-v. 

Proof of the Fact: 

Let Vj be any simplicial vertex of G and let N(Vj) = { v^, 

By Lemma 5.4.4, G can be constructed from H = GUVj, 
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^2 Let (w , w „ . , 

* ^ n be a constructing PEO of G w.r.t. H, 

where w * v, , Isis k+1 . 

^ ^ V2 adjacent to all of v^. V3 

as V is a siapliclal vertex of r m/s, 

1 « of G. Now Wj^^3 cannot be adjacent to all of 

"'Z' ''3 Vl G la free froa p-k-tree with (k^3) vertices. Again 

”k+3''l ^ So Wj^^3 is adjacent to Wj^^^ and to some (k-1) vertices from { 

Vz* V3.....Vj^^j}. We may assume wig that Wj^^3 is adjacent to all of V3. 

'^4’'“’\+l' Therefore « E. We will show that w^v^ t E for all k+3 

si n. We prove this by induction on i. For i=s k+3, we have shown that 

'*i'^2 ^ o^r claim holds for all 1 s.t. k+3 < i < n. We will show 

that * E. Now w^^^^ cannot be adjacent to all of v-, v v_ as 


G is free from p-k-tree with (k+3) vertices. Also w^^jV^ 4 E. Therefore 
* L as Wj^v^ < E by induction hypothesis. So ^2+l'^k+2 ® ^ 
adjacent to some (k-2) vertices of { v^, ^3» 

^"4 Vr ’^3 Vr V2* ^1’ ''j+i»V3^^ ^ 

p-k-tree with (k+4) vertices. This contradicts the fact that G has no 


induced nearly p-k-tree with (k+4) vertices. Hence v^Wj^ 4 E for all i s 
k+3. 


Since VgWj^ 4 E for all i a k + 3, Vz Is a simpliclal vertex of 
G’ =<;-Vj . So the Fact is proved. 

Now using the above Fact and induction on n, it can be shown that 
starting from any simplicial vertex we can construct an HEO of G. So (c) «♦ 

(a) . 

(b) (d) This is straightforward. I 

Corollary 5.4.11: A k-tree G is H-Perfect iff every Induced sub k-tree of G 
is H-Perfect. 

We need the following Lemma to obtain J(G) for a k-tree G. 

Lesana 5.4.12: Let G be a k— tree. Let v be any simplicial vertex of G s.t. 
N(v) contains a simplicial vertex of G’= G-v. Then J(G) = J(G'). 
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Proof : Let G be a k-tre^ „ u 

and V be a simpUcial vertex of G s.t. N(v) 

contains a siaDlicial vor-i-o^ 

Pllclal vertex, say ». of G' . G-v. ut S - »(y). How .a v U 
a slwpllclal vertex of G, J(G) a j(g') (D, 

We Claim that J(G) s J(G') Let a -fv « t a. . 

• Let a ‘ ^ ^ Jump sequence 

If Vj e S. then is a PEX) of G with JCp) = J(a). So 

J(G) s JO) - j(a) =. j(G'). So assume that v^ t S. Let r be the largest 

index s.t. none of belongs to S. So v e S. 

Case 1: « E(G'). 

Let ^ ^ Vj. v^ v^.v. v^). Then p is a PEO of G with 

JO) « J(a) « J(G'). So J(G) s JO) a J{G'). 

Case 2; € E(G’ ). 

Let G * '^n-1’^^^’ shall prove that the k-tree G" 

has {k+2) vertices. If not, let | V(G")| m k+3. As v and v^ are simplicial 

vertices of G", v is a simplicial vertex of G“-{v,v } and v v . € 

r r r+1 

E(G'), deggH(v^^j) = k+1. As v^^^ € S and v v^. e E(G), H » G“l( S u {v, 
v^})] is a k~tree with k+2 vertices. As v amd v^ are simplicial vertices of 
G" and degg„(v^^j) = k+1, G" caimot be constructed from H contradicting 
Lemma 5.4.4. Hence |V(G")| ® k+2. 

Let p * (Vj, clearly p is a PEG of G and 

JO) = J(a). So J(G) s JO) = J(a) * J(G'), as a is a Jump sequence of G^ . 
Therefore in either case J(G) s J(G'). Since J(G) fc J(G') by (1), J(G) 


= J(G').| 

Theoran 5.4.13: Let G be a non-complete k-tree. Then J(G) = e(G)-2. 

Proof ; Our proof is by induction on |S(G)j. If |S(G)1= 2, then by Theorem 
5.4.10, G is H-Perfect. So J(G) * 0 = |S(G)| - 2. Let us assume that the 
theorem is true for all non-complete k-trees with fewer than r ( r > 2) 
simplicial vertices. Let G be a non-complete k-tree with r simplicial 
vertices. In view of Lemma 5.4.12, we may assume that N(v) does not contain 
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any slapUclal vertex of G-v. for .„y , . s,g, 
vertex of G and let G' - G -v. Now |S(G')| . 
principle J(G- ) = e(G')-2 v r-3. For every PEG . . 


Let V be a simpliclal 

r-1. Hence by induction 

' (v, V , , . . ,v ) of G w„ 
n 2 


< E(G) and p-lv^.v^ v^) is a PEG of G* . As p is an arbitrary PEG of 

G- , we have J(G) - J(G' ) a , v r-2. Hence by induction principle JIG) 
=e(G) - 2, for any non-complete k-tree.| 

We next design a linear time algorithm to find a Jump sequence of a 
k-tree. 

Algorithm A; 

INPUT: A k-tree G= (V,E) where V = {v,, v-,...,v }. 

12 n 

OUTPUT: An ordering a= { w, , w , , . . , w } s. t. J(a)=J(G). 

I ^ n 

METHOD: 


BEGIN 

STEP 1: Define an array D by Dli] = deg(Vj); 

S:» < v^€ V I Dtil*k >; i:=l; 

STEP 2: Choose a vertex Vj c S;v:= Vj; 

STEP 3: v^:=v; S:=S-{v^}; i:=i+l; 

If ( 1 < n-k-2) then 
begin 

for all Vj € N(Vj^_j) do 
begin 

D[J]:» D[J]-1; 

If D[j] = k then S:* S u {v^} 
end; 

If N(v, e) contains a vertex v. with D[j] = k then 
1*1 J 

begin 

V : * V , ; Go To STEP 3 
%) 


end 
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else go to STEP 2; 
end; 

STEP 4: For 1:* n-k-2 to n do 
begin 

choose a vertex v € S; 

Wj:= v; S := S-{Wj}; 
end; 

END. 

Theorm 5.4.14: The sequence « produced by Algorithm A is a PEO of G, and 
J(a) « J(G). Moreover, Algorithm A runs in 0(n+m) time. 

Proof: Clearly the sequence a produced by Algorithm A is a PEO of G. Using 
the same argument as in the proof of Lemma 5.4.12, it can be proved that 
J(a) s I S(G) |- 2. Again by Theorem 5.4.13, J(«) at |S(G)|- 2. So J(a) = 
|S(G3| - 2. 

It is easy to see that the Algorithm A runs in 0(n+m) tlme.| 

The following lemma whose proof follows from induction, is a key in 
obtaining a polynomial recognition algorithm for H-Perfect graphs. 

Lenma 5.4.15: Let a =(Vj, ^ 2 ' “ ‘ be an HEO of G. Let 

i < j, where G^= G[{v^, v^^^ v^^}]. Then a’ = (Vj, v^... v^_j. Vj, 

^ V V V ...,v ) is an HEO of G starting from v . Moreover, 

'"i+r--" J-1’ i’ J+1 

every HEO of G starting from v^ can be obtained from « in a similar manner. 

We now present a procedure HEO-FIND(v) which finds an HEO of G 
starting from a prescribed vertex v if such an HEO of G exists. 

Procedure HEO-Find(v): 

INPUT: A chordal graph G and a vertex v of G. 

* mrr, urn HF?! H[n] of G where H[ll=v, if G has such an 
OUTPUT: An HEO Hlll.HlZJ nmJ 


HEO. 
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METHOD: 

BEGIN 


Step 1: i:=l; j:=2; v^r^v; H[l]:=Vj; 
Step 2: While ( J not equal to n) do 
BEGIN 

(i) Find S(G); 


Let T:= { Wj, } be the vertices in S(G) adjacent 

r 

to v^. 

If T = ^ then Go To 10 


else 


begin 

t:=l^; k:=l; 
end; 

(ii) For i:= j to j+t-1 do 
begin 

H[i] := Wj^; k:=k+l; 
end; 

(iii) J:=J+1; G:= G-T; 

End; 

10: Declare “G does not have an HEO starting from v"; 


END. 

The correctness of the Procedure HEO-FIND(v) follows from Lemma 
5.4.15. It is easy to see that the above procedure runs in 0{n{n+m)) time. 

If G is H~Perfect then there exists a vertex v which is the starting 
vertex of some HED of G. So applying the Procedure HEO-Flndlv) | S(G)| 
times, we can conclude whether G Is H-Perfect. Moreover, if G Is H-Perfect. 
we can obtain an HEX) of G, 

In view of the above discussion we have the following Theorem. 
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Theorea 5.4.16: H-Perferf ^ o 

8 P can be recognized in 0{n m) time amd for an 

H-Perfect graph an HEO can be constructed in same time bound. 

The following theorem characterizes extremal chordal graphs. 

Theore. 5.4.17: A chordal graph G with e(G) * m+2, m >2 is extremal iff G’ = 

^ ^ ^ extremal chordal graph with Jump number m-1 for all v 

€ S(G), where a[l]=v. 

Proof: Necessity: 

If for some v e S(G), G'* G - a (Lg(v)), a[l]=v is not extremal, 
then J(G ) < e(G') - 2=m - 1. Let p be any jump sequence of G'. Then aj=(a 
(Lg(v), ^) is a PEG of G with JCa^) < m. This contradicts the fact that G 
is extremal. Again once G' is extremal, J(G' ) = e(G') -2 = e(G)-3 = m-1. 
Sufficiency: 

If G is extremal, then there exists a PEG a = (v. , v ) with 

1 Z n 

J(a)<m. Then J{G')=J(G)-a (LgCv^)) < m - 1, which is a contradiction. | 
Theorem 5.4.18: A chordal graph G is extremal iff exactly one of the 
following conditions holds. 

(a) For each v € S(G), e(G-[v]) = e(G)-l. 

(b) There exists v € S(G) s.t. e(G -[v]) = e(G) and J(G-[v] )=e(G-[v] )-2. 
Proof : As sufficiency is straightforward, we prove necessity only. 

If (a) is not true, then there exists v e S(G) s.t. e(G-[v] ) = e(G). 

Let [v]= < V, V , V V }. As G is extremal there exists a jump sequence 

12 r 

starting from v say (v, ^ ^r'^r+l ^ 

J(G-[v]) = J(G). So J(G-[v])=J(G). Thus (b) is true. It is easy to see that 

(a) and (b) are not simultaneously true. Hence the Theorem is true.| 

Note that Theorem 5.4.18 suggests a polynomial time recognition 
algorithm for extremal chordal graphs. For an extremal chordal graph G, one 
can design an G( n^m) algorithm to find a jump sequence of G, in the same 


line of Algorithm A. 
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5.5 HaBilionian Chordal Graphs: 

In spite of lots of efforts there is no non-trivial characterization 
of Hamiltonian graphs. In this section we characterize Hamiltonian 
H-Perfect graphs. 

A pancyclic graph, i.e. a graph having cycle of all possible length, 
is necessarily Hamiltonian. For chordal graphs, the converse holds. 

Theoroa 5.5.1; A chordal graph G is Hamiltonian iff it is pancyclic. 

Proof : Let G be a hamiltonian chordal graph of order n with v^, v^, ‘ • 

Vj as a Hamiltonian cycle of G. Let Vj^ be a simpllcial vertex of G. As 
G [NlVj)J is complete, e E, where the indices are under modulo n. 

Now G'* G-Vj is Hamiltonian as v^, '^i- 1 ' '^i+l* '’’’'^n’ '^1 ^ 

Hamiltonian cycle of G' of length n-1. This procedure yields cycles of 
every length starting from n through 3.| 

Corollary 5.5.2; Let G be a Chordal graph with circumference k. Then G has 
a cycle of length r, for 3 s r s k. 

THEOREM 5.5.3 : A chordal graph G is Hamiltonian iff it contains a Maximal 
outer planar ( MOP ) graph as a spanning subgraph. 

Proof ; Sufficiency : This follows from the fact that every MOP graph is 

Hamiltonian. 


Necessity : 

We claim that any Hamiltonian chordal graph G has a spanning MOP graph 
that contains all the edges of a given Hamiltonian cycle as its boundary 
edges. We prove our claim by induction on n, the order of G. For n = 3 and 
4 our claim is trivially true. Assume that our claim is true for all 


Hamiltonian chordal graphs with fewer than n vertices. Let G be a 
Hamiltonian chordal graph of order n. Let C = v^, be any 


Hamiltonian cycle. Let v^ be any simpllcial vertex of 
a Hamiltonian chordal graph and C' = Vj, V 2 
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Hamiltonian cycle of G' . So by induction hypothesis G' has a spanning MOP 
graph M' with C' as its boundary cycle. Then M = M'u { 
is a spanning MOP containing C as the boundary cycle. So by induction 
principle our claim is true. | 

Since every MOP graph is a 2-Tree, with a unique Hamiltonian cycle, we 

have: 

Corollary 5.5.4 [123]: A 2-Tree is Hamiltonian iff it is a MOP graph. 
Corollary 5.5.5: The number of Hamiltonian cycles of a 2-Tree is at most 1. 

Since the Hamiltonian Cycle Problem is NP-Complete for chordal graphs, 
by Theorem 5.5.3, We have the following result. 

Theorem 5.5.6; The Problem of deciding whether a Chordal graph G has a MOP 


spanning subgraph is NP-complete. 

He next focus our attention to the Hamiltonian cycle problem on 
jI_Perfect Chordal graphs. We prove now two lemmas which we need for the 
characterization of H-Perfect Hamiltonian chordal graphs. 

l™-. 5.5.7= Let . -Cv,, Vj be an HEO of an H-Perfect chordal 

graph. If v^v e E, then Vj^Vj e E for all k. lake J-l- 

Proof: AS . is an BEO, e E. Given that v^Vj e E. As Vj Is a 

slnpllolal vertex of GHv^.v^,, v^H, Gl Is ooaplete. So 

£ E. Again v^^j Is a slnpllclal vertex of Gj^jd Vj^j vjl. So 

V V « E. By the sane argument, Vj^Vj e E. 1 s k s J-l,| 

lH's.S.S: Let G be a blconnected. H-Perfect chordal graph and let « - ( 

, , , .,v , be an HBO of G. Then d (v,) a 2. 1 a I s n-2, -here G^= 

1" 2 n i 

"W a (V,) <2. Then, as 

Proof: If possible, let 1 be the largest Index s.t. ^ 

. a (V I = 1. ^ 

r for 1 s i and k s i+2, then by Lemma 5.5.7, v^^^ 
vertex of G. If ^ * 
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Vj^ € E, for all s, lss 5 k-i-i t 

' " particular, v^Vj^ € E. This contradicts 

So V V F fnr- 1^1 

^ and k fc 1+2. So every path from v to v. , 

J k 


Gj'’i 


and k t 1 + 2 , passes through v Thuc 

^ '^i+r claim Is true. This 

contradicts tha blco.a..cted„ess of G, and ooaplatas the proof. I 

Ut G be an H-Perfect graph. Then G Is haalUonian Iff G Is 

bi connected. 


Proofs Since the necessity Is trivial we prove the safflolenoy only. 

j» 2’'’’’'^n^ ^ ^ bet Ij be the largest index 

^ ^2 ^ largest index s.t. v v 6 E. Let 1. be 

1 ^2 J 

the largest index s.t. v v e F lot v g-v ,, a . e 

1 a~l 1 ^ ^ smallest index s.t. 

J * j 

n .-l^n ^ ^ As G Is biconnected H-Perfect 

V/ 

chordal graph, lj-1 > 1 and l^_j s n-2. Ut P, be the path v, ,v. 

•' ‘j-r’ ‘j 


consisting of only one edge, 2 sjs r+1, where v «v . Let Q, be the path 

^r+1 ^ J 

from V to V _ through consecutive vertices of the HEO a, 1 s j s r-l. 

J J+1 

Let Pj be the path v^v^^consisting of only one edge. Let Q' be the path 

from Vj to Vj through consecutive vertices. Let be the path from v. 

1 r 

r+1 ^ 

to through consecutive vertices of the HEO a. Then C* Q' u (u P ) u 

r ^ J=1 

(u Q ) is a Hamiltonian cycle of G, whence G is Hamiltonian. | 
j=l J . ■ 


Given an H-Perfect chordal graph and an HEO a, we next propose a 
linear time algorithm to recognize whether the given graph is Hamiltonian, 
and If so we construct a Hamiltonian cycle. 

Algorithm Hamiltonian Cycle: 

Input: {G, a * ( Vj, where G is an H-Perfect chordal graph 

and a is an HEO of G. 

Output: If G is non Hamiltonian, then output ’ G is not Hamiltonian’ 
else output ’G is Hamiltonian’ and a Hamiltonian cycle C. 
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Begin 


If G is not biconnected then output 'G is 


not Hamiltonian' 


Else 

Begin 


^ '^l' '^2 \ 5 t := 1; r :=1; 

While ( t * n) do 

Begin 


Let 1^ be the largest index s.t. € E; 

r 

If ( Ij. n) Then 


Begin 


C :® C - { Vj } u { Vj }; 


r r 


r := yi; 


End 


Else 


C := C U { Vj }; t:= 1^; 
r 


End; 


End 


End. 

It is easy to see that algorithm Hamiltonian Cycle runs in 0(n+m) 
time. The correctness of the above algorithm follows from Theorem 
5.5.9. So we have the following result. 


Theorem 5.5.10: 'Algorithm Hamiltonian Cycle' correctly finds in 0(n+m) 
time a Hamiltonian cycle of an H-Perfect graph G if G is Hamiltonian 
otherwise reports that G is non Hamiltonian. 
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S.6 Cycl.. I„ 

--iOin* Whether a ,r.ph has a H^ttWan c.ct. is 

well known to be NP-coinpletet47] anH r-^ , 

. nd remains so for several special classes 

as planar cubic 3 -connected graphs [48], bipartite 

gr.phs(74J. split graphsISTl. e4*e *raphs[i21, planar bipartite graphs, 48). 


grid graphs [741. undirected path graphs,, 41. double Interval graphslu). 
.nd rectangle graphslul. In 

this problem exist only for very restricted classes of graphs, such as 

planar 4-connected graphs[611, proper circular graphs[131. Interval 

graphs[77]. bipartite distance-hereditary graphs[941. and circular arc 

graphs [120]. 

A graph G is said to be t-tough if after the deletion of an arbitrary 
set of s vertices, the graph remains connected or has at most 
components. Chvatal's [24] conjecture that every 2-tough graph is 
Hamiltonian is yet to be settled. 

A. Bertossi[13] suggested an 0(n log{n)) time algorithm for the 
Hamiltonian cycle problem in a proper interval graph given in interval 
representation. But to find an interval representation of a proper interval 
graph which is given in adjacency list representation, takes 0(n+m) time. 
So his algorithm takes 0(n + m + nlog(n)) time if the graph is given in 
adjacency list representation. Later J. M. Keil [77] suggested an 0(n+m) 
time algorithm for the Hamiltonian cycle problem for interval graphs. In 
this section we suggest a linear time algorithm for finding Hamiltonian 
cycles in proper interval graphs. Our algorithm is as good as the algorithm 
that follows from Keil’s [77] work as far as the complexity of the 
algorithm is concerned. Unlike keil's [77] algorithm, our algorithm is 
supported by good theoretical characterization which has other implications 
too. In fact, we have proved in the last section that a proper interval 
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graph is Haailtonian iff jf 
interval graph is H-perfect. 


Is biconnected, since every connected proper 
since every 2-tough graph is biconnected, 


chvatal-s above Kntloaed conjeotur. holds good for H-perfect chordal 
graphs and in particular for proper interval graphs. 


To obtain a linear time algorithm for Hamiltonian cycle problem for 
proper interval graphs, we proceed as follows: 

we introduce the notion of strong simplicial vertex, and show that 
every proper interval graph has exactly two strong simplicial vertices up 
to certain equivalence( Theorem 5.6.1). An algorithm for finding the two 
such vertices of a proper interval graph is given (see Theorem 5.6.4). We 
then present an algorithm for finding an HEO of a chordal graph having 
exactly two simplicial vertices. This is done because it can be used to 
find an HEO a of a proper interval graph G by first finding an HEO a' of 
^*“^”fS(G)-{u, v}) , where S(G) is the set of simplicial vertices of G, autid 
u, and v are the strong simplicial vertices of G, and then incorporating 
the vertices of S(G)-{u,v} to «' suitably. Finally the algorithm in section 
5 can be used to find a Hamiltonian cycle in G, as every proper interval 
graph is H-perfect. 

A simplicial vertex v of a graph G is said to be a strong simplicial 
vertex if there exists a simplicial vertex w of G' adjacent to v, where 
G'=G-[v] and Iv] is the simplicial class of S(G) containing v. 

Note that if (v^, Vg v^) is an HEO of G, then v^ is a strong 

simplicial vertex of G. 

Two strong simplicial vertices v and w are said to be equivalent if 
Ivl = [w3. 

Theorem 5.6.1: Every proper interval graph G has exactly two strong 
simplicial vertices up to equivalence. 

In order to prove Theorem 5.6.1 we need the following Lemma. 
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L«m» 5.6.2= ut Gj-CIVj u CJ, l.lsr, r«. b. the separated subgraphs of a 

proper Interval graph w.r.t. any separating clique C of G. Then r = 2. 

Proof: If not, let r fc 3 Let Ufr yv a. 

. Let {see s.t. there exist v in with 

vs € E }. Since G is Chordal, there exist in Gj s.t. WIG^) c C^. Then 

G »G{{CjU C^u CgUC >] is a Proper interval graph. Also (C^n C) * 

Case 1: There exist i.J with WCG^) £ W(G ), 1 s i.J s 3. 

Now G'Kv ,v v'.v"}] is isomorphic to K, where v,€ C,-C, v.e 

^ 1,3 i I J 

V* € C-Cj, a contradiction to Theorem 1.4.7. 

Case 2: There exist no i, J with W(G ) c W(G.). 

Let C, , C. , C , C be any linear ordering of C, , C.,, C.,,C. So 
1 2 3 4 1 2 3 

either at least two cliques lie to the left of C or at least two cliques 

lie to the right of C. Wig, Let C and C lie to the left of C in the 

1 h 

above linear ordering. Let x e (C, n C) -( C, -C). The existence of x is 

h h 

assured by Case 2. Now x lies in C. and C but not in C. . So the Cliques 

h ^2 

of G' cannot be ordered in such a way that the set of maximal cliques 
containing a vertex occur consecutively, a contradiction to Theorem 1.4.5.| 
Proof of Theorem 5.6.1: We induct on k, the number of maxinal cliques of G. 
If k=2, our Lemma is easily seen to be true. Let G be a proper interval 
graph with k+1 cliques. Since k +1 >2, G has a separating clique, say C. By 
Lemma 5.6.2, there will be exactly two separated graphs of G w.r.t. C, say 
Gj and G^. Since G is a proper interval graph, by Theorem 1.4.9, it has a 
BCD, say, (v^, V2 . . . . v^^). Wig, let v^ € V(Gj). Let JC| = k and IVCG^lj = 

r. Then (Vj, v^ v^) is a BCO of G^ s.t. v^., V-k+1 

vertices from C. Again, by induction hypothesis, Gj and G^ satisfy our 
Lemma. With the notation as above, let v^ and v^ be the only two strong 
slmplicial vertices of Gj. Since (v^. is again a BCO of G, 

(v^, v^_^ is a BCO of G^. So v^ and are the only strong 
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simplicial vertices of G^. Since no strong simpllclal vertex belongs to C, 
Vj and are the only strong simpllclal vertices of G.| 

We now present a Procedure to find the two strong simpllclal vertices 
of a proper interval graph. 

Procedure Al; 

Input: A proper interval graph G s.t. S(G) is independent. 

Output: Two strong simpllclal vertices w^^ and of G. 

Method: 

Begin 

STEP 1: Find S(G); Let S(G)={ v^, 

For i:=l to n do 

A[v^l :=j if Vj^ lies in exactly j maximal cliques of G 

STEP 2; G' ;»=G-S(G) ; Find S(G'); Let S(G' )=‘{v' .v^, • • ^ 

STEP 3: For i:=l to r do 
Begin 

TCvj^):®^ s.t. Vj^€ S(G) and A[Vj]®l}; 

C(v'): = |T(vpl; C lT(vp| is the size of T(vp *) 

If C(vp= 1 Then 
Begin 

:= Vj. where {v^}= s:=s+l else 

If C(v' )* 2 Then 
Begin 

Ut Vj. * Clvp; If - d(v,) Tl.«> 

(i) w :* V_ (ii) s:«s+l; Else 
s ^ 

If d(vp-l=d(v2) Then 
(i) w^:* Vj} Cii) s:= s+1; 

End; 


End; 
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End. 

In order to prove the correctness of the Procedure A1 , we need the 
following result. 

Lemsa 5.6.3: Let G be a proper Interval graph s.t. S(G) is Independent. Let 
G *G S{G). Then every v € S(G') is adjacent to at most two vertices of 
S(G). If V is adjacent to exactly one vertex, say Vj of S(G), then is a 
strong simplicial vertex of G. If v is adjacent to two vertices, say v^ and 
of S(G), then v^ is a strong simplicial vertex iff d(v)-l * <i(v 2 )» is 
a strong simplicial vertex iff d(v)-l=d(Vj), and exactly one of v^ and V 2 
must be a strong simplicial vertex in this case, unless G has exactly two 
maximal cliques. 

Proof: If any vertex of S(G' ) is adjacent to three or more vertices of 
S{G), then G will contain a K. as S(G) is independent, which is a 
contradiction to Theorem 1.4.7. If v is adjacent to exactly one vertex of 
SCG), say Vj, then clearly Vj is a strong simplicial vertex of G as S(G) is 
independent. Let a vertex v of S(GM be adjacent to two vertices Vj and V 2 
of SCG). Since v^ and are simplicial vertices of G and v is in NCVj^), i 
* 1,2, N(v^) £ N(v). So d(Vj^) s d(v), i * 1,2. If d(v) -l=d(v 2 ), then 
clearly v^ is a strong simplicial vertex of G. Similarly if d{v)“l — dCv^), 
then V 2 is a strong simplicial vertex of G. If neither d(v)-l=d(Vj) nor 
d(v)-l= dCv^). then G will contain a Kj 3 . which is absurd by Theorem 
1.4.7. Again if possible, let Vj and V 2 be both strong simplicial vertices. 
If G has more than two maximal cliques, then there exist and W 2 s.t. w^^ 
€ N(v)-{Vj, V 2 }, W 2 < N(v) and ® G[CWj,W 2 .Vj,V 2 }] is 

isomorphic to 3 , again a contradiction to Theorem 1.4.7.| 

Theorem 5.6.4: Procedure A1 Correctly finds two strong simplicial vertices 

of a proper interval graph G having SCG) independent. 

of two strong simplicial vertices is assured by 


Proof: The existence 



186 


Theorem 5.6.1 and the correctness of Procedure A1 follows from Lemma 
5. 6. 3. I 

We now suggest a procedure to find an HEO of a chordal graph with 
exactly two simplicial classes. 

Procedvire A2: 

Input: A connected chordal graph G with exactly two simplicial classes. 

Output: An array H[l..nl s.t. Htl], H[2] , . . . ,H[nl is an HEO of G. 

Method: 

Begin 

STEP 1: Find the maximal cliques of G. Let C, , C. C, be the 

^1 2 r 

maximal cliques of G. 

STEP 2: Compute an array A s.t. A[v^]=j if lies in exactly J 

cliques of G. 

STEP 3: S(G):= {v^ s.t. A[v^]»l }. For all v € V, M(v)*0. 

STEP 4: i:*2; 5 c:*Vj for some Vj e S(G); H[ll*x; M(H[1]):=~1; 

While ( i ?tn+l) do 
Begin 

For all Vy. € ADJ(x) do 

If ( A[Vj^]=l and M(Vj^)=0) Then 

Begin 

x:=Vj^; Hlil:=x; M(Hti]):=-l; 

End; 

For all V € ADJ(x) do 
s 

If A[Vg] t 1 Then Alv^] := Alv^J-l; 

End; 

End. 

UK folloulng result will be wsed to prove the oorrectness of 


Procedure A2. 
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Lemma 5.6.5: Let G be a chordal graph and Iv] be a slmplicial class of 
S(G). If N(v)-tv] is a maiximal clique of G'=G-[v], then Nlv] Is a 
separating clique of G, 

Proof: Let C= N(v)-[v]. Let x and y be two vertices of G' s.t. N^, (x) n C 
and Ng, (y) n C are maximal sets. Existence of such vertices is assured as C 
is a maximal clique of G' and C » N(v)-[v] Let G“ * G-Nlv]. If x and y are 
connected in G" then let P be a shortest x — y path in G". Since (x) a 
C * Nj,, (y) A C , there exist (x)-Ng, (y) and z^ e (y)-Ng, (x) . 
Then P u {ZjX.z^y} will contain a chordless cycle of length at least 4, a 
contradiction. So there is no x — y path in G" . Hence N[v] is a separating 
clique of G.| 

Theorem 5.6.6: Procedure A2 correctly finds an HEO of a chordal graph 


having exactly two simplicial classes. 

Proof: Since HU], H[2] H[n] is a Hamiltonian path, we need only to 

prove that in every iteration of the while loop in Step 4 of Procedure A2, 
AlVjl=J iff lies in exactly j cliques of the subgraph of G induced by 
the set of vertices having M(.)=0. in that iteration. If possible, let i be 


the smallest index s.t. our claim is not true at the end of the ith 
iteration. Consider the value of x at the end of the ith iteration. Since 
our claim is not true at the end of the ith iteration. C'=il[xl-Ixl is a 
maximal clique of G". where V(G“)» { y s.t. M(y)=0 at the end of the ith 
iteration }. and [x] is a simplicial class of G' . where V(G')« {y s.t. 


M(y)=0 at the starting of the ith iteration}. By Lemma 5.6.3. C' is a 
separating clique of G*. Ut G" end G" be l»o separa^ted graphs of G". Let C 
be a «xl.«l clKpie of G* containing Ixl, -here V(G*Wx! u t y s.t.t M(y) 
. -1 at the starting of the 1th Iteration >. Then C Is a separating clKpte 

least three simplicial classes as W(Gj-) u WIG^-) • C. 


Of G. Hence G has at 

a Contradiction !| 
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We are now in a position to suggest an algorithm for finding an HEO of 
a general proper Interval graph. 

Algorithm HEO: 

Input: A proper Interval graph G. 

Output: An HEO of G. 

Method: 

Begin 

STEP 1: Find S(G). Find the simplicial classes of S{G). 

Name the simplicial classes by the vertex having the 
least index. Let the simplicial classes be 


Iv, ],[v [v ]. 

1 2 r 

G':*G-(S(G)-{v ,v v }); 

^1 2 r 

STEP 2: Find the two strong simplicial vertice of G' using 

procedure A 1; Wig, let v^ , and Vj^ be the strong 

1 2 

simplicial vertices of G' . 

G":=G'-{v ,v ,...,v }; 

^3 4 r 

STEP 3: Find an HEO a" of G" using procedure A 2 starting from v^^; 


Let a*=(Wj, let kj,k 2 k^ be s.t. 

( ) and kj<lC2<...<^. 


‘1 2 


‘1 2 


Let «,= ( «. (1). (2) oj, (s,)) be an ordering 

j J J 

of [V. ] s.t. the size of Iv^ 1 . is 

J J ^ 

a=( CL^ «lc^^®l^'”2’-'’''kj-l’ 

a. (2) (s.). Wj, +1 CD...... 

"kj J ^ ^ 

“k ^®r^'\+l”*”\^' 

(* Incorporate all the vertices of [Wj^^l but Just 
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after w, , isjsjc, in the sequence a" and obtain a ); 

J 

End. 

It is easy to see that Algorithm HEO correctly finds an HEO of a 
proper interval graph. Since the set of maximal cliques of a chordal graph 
can be computed in 0(n+m) time [49,57], and since (£(|Cl, CeC(G)) )=0(n+m) , 
for a chordal graph[57], it is not difficult to see that Algorithm HEO 
takes 0(n+m) time. Since proper interval graphs are H-perfect, we can find 
a Hamiltonian cycle in a proper interval graph in 0(n+m) time by using the 
Algorithm HEO, and Algorithm Hamiltonian Cycle of the last section. 

In view of the above discussion we have: 

Theorem 5.6.7: Hamiltonian proper interval graphs can be recognized in 
0(n+m) time. In a Hamiltonian proper interval graph, a Hamiltonian cycle 
can be constructed in 0(n+m) time. 
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